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INTRODUCTION 


1.1  Summary 

This  report  details  results  of  research  performed  under  AFOSR  contract  no.  F49620-86- 
K-0016.  The  contract  was  initiated  on  June  1,  1986  and  expired  on  December  31,  1989. 

Aerospace  vehicles  are  often  subjected  to  hostile  thermal  environments  capable  of 
adversely  affecting  their  life.  Examples  are:  1)  space  structures  subjected  to  solar  radiation  or 
other  external  heating  sources,  as  well  as  onboard  heating;  2)  structural  components  subjected 
to  laser  heating;  and  3)  aerodynamic  vehicles  in  hypersonic  flight.  The  structural  materials 
utilized  in  these  applications  may  be  metallic  superalloys,  metal  matrix  composites,  or  even 
ceramic  composites.  All  of  these  materials  undergo  substantial  material  inelasticity  at  elevated 
temperatures.  In  order  to  accurately  predict  the  thermomechanical  response  of  structural 
components  composed  of  these  materials,  it  is  imperative  to  develop  accurate  constitutive  models 
capable  of  accounting  for  material  nonlinearity  in  the  presence  of  cyclic  load  and  transient 
temperature  conditions.  These  models  must  be  capable  of  accurately  accounting  for  temperature 
and  history  dependent  constitutive  properties,  as  well  as  two-way  thermomechanical  coupling 
via  modified  heat  conduction  equations  which  are  material  specific.  In  addition,  these  media 
may  undergo  extremely  rapid  heating  rates  due  to  the  presence  of  large  external  heat  sources. 
Although  models  are  currently  available  for  some  of  these  materials  at  elevated  temperature, 
little  has  been  done  to  extend  these  theories  to  transient  temperature  conditions  such  as  those 
encountered  in  the  three  examples  cited  above. 

The  general  objective  of  this  research  is  to  improve  on  existing  theoretical  models  for 
predicting  the  response  of  inelastic  aerospace  structural  components  subjected  to  hostile  thermal 
environments  with  emphasis  on  transient  temperature  conditions,  radiation  boundary  conditions, 
extremely  rapid  heating  rates,  and  possible  phase  change  of  the  materials  involved.  For 
materials  subjected  to  the  conditions  under  study  herein  it  is  necessary  to  perform  extremely 
complex  experiments  in  order  to  determine  the  precise  form  of  the  theoretical  constitutive 
equations.  Finally,  it  is  necessary  to  implement  the  resulting  equations  to  boundary  value 
problem  solving  algorithms  in  order  to  model  the  response  of  structural  components  with  stress, 
strain,  and  temperature  gradient  fields. 

1.2  Statement  of  Work 

Experimental  and  theoretical  research  were  performed  to  characterize  the  response  of 
structural  components  subjected  to  transient  temperature  conditions  resulting  in  inelastic  material 
behavior.  The  research  was  performed  in  the  following  stages: 

1)  theoretical  development  of  thermodynamic  constraints  on  inelastic  materials  under  transient 
temperature  conditions; 
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2)  development  of  modified  heat  conduction  equations  to  account  for  two-way  thermomechanical 
coupling  in  these  inelastic  materials; 

3)  experimentation  to  determine  further  constraints  on  inelastic  materials  under  transient 
temperature  conditions; 

4)  development  of  multi-dimensional  theoretical  algorithms  for  predicting  response  of  the 
inelastic  structural  components  described  above;  and 

5)  experimentation  to  verify  the  theoretical  algorithms  described  in  item  4). 

Items  1)  through  4)  above  were  performed  entirely  on  the  main  campus  at  Texas  A&M 
University.  Item  5)  was  performed  both  at  the  Air  Force  Wright  Aeronautics  Laboratory  at 
Wright  Patterson  Air  Force  Base  and  Texas  A&M  University.  Details  of  this  research  will  be 
described  further  below. 


RESEARCH  COMPLETED 
2.1  Summary  of  Completed  Research 

The  results  of  the  three  year  program  are  as  summarized  below: 

1)  a  one-way  coupled  model  was  developed  for  the  thermoviscoplastic  plate  subjected  to 
rapid  laser  heating  (see  references  1  and  2); 

2)  thermodynamic  constraints  were  developed  for  the  thermoviscoplastic  medium  studied 
herein  (see  reference  2); 

3)  a  two-way  coupled  model  was  also  developed  for  the  thermoviscoplastic  plate 
subjected  to  rapid  laser  heating  (see  Appendix  7.1); 

4)  a  thermoviscoplastic  constitutive  model  was  developed  for  short  fiber  composites  (  see 
Appendix  7.2); 

5)  a  model  for  determining  the  effects  of  certain  forming  processes  on  short  fiber 
composites  was  constructed  (see  Appendix  7.3); 

6)  constitutive  testing  and  model  development  were  performed  to  determine  the 
thermoviscoplastic  constitutive  behavior  of  Hastelloy  X  (see  Appendix  7.4);  and 

7)  structural  tests  were  performed  on  Hastelloy  X  plates  in  the  LHMEL  laboratory  at 
WPAFB  (see  reference  2). 
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Items  1,2  and  7  above  have  been  previously  documented  in  the  first  and  second  annual 
reports  [1,2].  Items  3  through  6  are  detailed  in  the  Appendix  of  this  report.  These  items  are 
summarized  in  the  following  sections. 


2.2  Theoretical  Developments 

Theoretical  results  obtained  during  the  course  of  the  contract  are  discussed  below. 


2.2.1  One-Way  Coupled  Model 

A  solution  algorithm  has  been  developed  by  the  authors  for  modeling  the  transient 
response  of  a  thin  metallic  plate  with  viscoplastic  constitution  subjected  to  rapid  external  heating. 
The  model  assumes  one-way  coupling  in  the  sense  that  the  heat  transfer  solution  is  assumed  to 
be  independent  of  deformations,  whereas  the  mechanical  response  depends  on  the  temperature 
field.  In  addition  to  radiation  boundary  conditions  and  material  inelasticity,  geometric 
nonlinearity  has  been  included.  A  nonlinear  incremental  formulation  for  an  anisotropic  plate  has 
been  developed  using  variational  methods  and  finite  element  discretization.  The  algorithm 
utilizes  constitutive  models  for  viscoplastic  media  previously  proposed  by  Bodner  and  Partom 
[3]  and  Walker  [4].  The  model  results  are  briefly  reviewed  in  this  section.  Further  details  can 
be  found  in  references  1  and  2. 

The  solution  algorithm  is  constructed  in  two  stages:  the  thermal  analysis  and  the 
structural  analysis.  The  general  flowchart  is  shown  in  Fig.  1.  On  a  given  time  step,  the  thermal 
loads  are  evaluated.  Then  the  temperature  field  is  solved  by  the  finite  element  method. 
Together  with  the  inelastic  strain  increment  evaluated  from  the  previous  time  step,  the  thermal 
strain  results  in  an  unbalanced  load  with  which  the  deformation  is  approximated.  Iteration  will 
bring  the  solution  to  equilibrium  for  a  given  time  step.  Due  to  the  induced  high  in-plane 
stresses,  it  is  necessary  to  update  the  effective  stiffness  matrix  in  the  iterative  procedure. 

To  demonstrate  the  use  of  this  model,  an  isotropic  circular  plate  with  fixed  plate 
boundary  and  radius  r=10  in  is  selected.  The  material  used  is  B1900+Hf,  which  is  a  nickel- 
based  superalloy  commonly  used  in  hot  gas  turbines.  The  plate  is  subjected  to  an  instantaneous 
constant  heat  input  applied  axisymmetrically  about  the  centei  of  the  plate  with  radius  0.5  in. 
The  thermal  boundary  conditions  are  radiation  type  with  reference  temperature  TR=0°F.  The 
finite  element  mesh  diagrams  for  the  thermal  and  structural  analyses  are  shown  in  Fig.  2. 

Figure  3  shows  the  history  of  plate  center  deflection  for  cases  with  and  without  geometric 
nonlinearity.  Considering  the  in-plane  stresses,  the  transverse  deflection  is  significantly 
decreased,  which  demonstrates  the  importance  of  including  geometric  nonlinearity  in  this  model. 
Figures  4  through  8  are  the  results  for  cases  which  include  geometric  effects  and  the 
viscoplasticity  models.  Figure  4  shows  the  deflection  history  of  the  plate  center.  When  the 
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Fig.l  Flowchart  of  Solution  Algorithm 


4 


Fig. 3  Center  Displacement  History. 
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Fig. 7  Radial  Stress  Distribution  at  time=0.0l  sec. 


Fig. 8  Hoop  Stress  Distribution  at  time^O.Ol  sec. 
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inelastic  material  response  is  considered,  the  deflection  of  the  plate  upper  surface  is  reduced. 
Figure  5  shows  the  stress  history  at  r=0.11  in  of  the  plate  upper  surface.  The  stress  is 
significantly  reduced  by  the  accumulated  inelastic  strain.  Figure  6  shows  the  radial  stress  history 
predicted  by  Walker’s  model  at  various  positions  of  the  plate  upper  surface.  Figures  7  and  8 
show  the  radial  stress  and  hoop  stress  distribution  at  time  t=0.01  sec.  Figure  9  shows  the  in¬ 
plane  deformation  and  Fig.  10  shows  the  accumulated  inelastic  strain  at  time=0.01  sec. 
Walker’s  model  tends  to  accumulate  more  inelastic  response  than  Bodner  and  Partom’s,  which 
in  turn  predicts  lower  stresses. 

Figures  1 1  through  13  show  the  results  for  plates  with  varying  thickness  and  identical 
external  heating.  Figure  11  shows  the  radial  stress  at  r=0.11  in  of  the  plate  upper  surface  for 
various  plate  thicknesses.  Figure  13  shows  the  accumulated  inelastic  strain  at  time  t=0.01  sec 
for  varying  plate  thickness.  Figures  14  through  16  show  the  results  for  a  plate  with  fixed 
thickness  and  various  external  heating  rates.  Figure  14  shows  that  with  greater  external  heating, 
larger  deflection  is  predicted.  Figure  15  shows  the  stress  history  at  r=0.11  in.  Higher 
compressive  peak  stress  is  induced  and  more  inelastic  strain  is  accumulated  with  greater  external 
heating.  Figure  16  shows  the  stress  distribution  at  time  t=0.01  sec  for  different  external  heating 
rates.  Further  details  about  the  one-way  coupled  model  can  be  found  in  references  1  and  2. 


2.2.2  Two-Way  Coupled  Model 

Whereas  the  one-way  coupled  model  assumes  that  the  strains  do  not  affect  the 
temperature,  the  two-way  coupled  model  assumes  that  this  effect  cannot  be  neglected.  As  shown 
in  Appendix  7.5,  the  resulting  heat  conduction  equation  for  an  isotropic  thermoviscoplastic 
medium  is  given  by: 

*r,u=pCFr  +  pr  +  (3x+2p)pr06tt  -  (1) 

where  the  last  term  is  due  to  inelastic  coupling,  and  the  term  before  it  accounts  for  elastic 
coupling.  These  coupling  terms  introduce  significant  complexity  into  any  solution  procedure, 
since  the  heat  transfer  solution  can  no  longer  be  solved  a  priori  and  substituted  into  the 
mechanical  field  equations.  This  procedure  used  herein  was  to  first  reduce  the  equations  to  the 
case  of  an  axisymmetric  continuum  (not  a  plate),  so  that  the  governing  equations  are  two- 
dimensional  as  described  in  Appendix  7.1.  The  governing  equations  were  cast  in  a  weak 
variational  form  and  discretized  using  the  finite  element  method.  Solutions  were  obtained  using 
four  node  quads.  The  computer  code  is  available  from  the  authors  on  request. 

Several  examples  were  solved  for  a  circular  plate  similar  to  that  studied  in  the  previous 
section.  The  material  was  assumed  to  obey  the  Bodner-Partom  viscoplasticity  model  [3].  As 
noted  in  the  appendix,  both  mesh  and  time  step  were  optimized  to  obtain  converged  results.  All 
results  were  obtained  for  a  plate  of  10  cm  radius  with  a  laser  spot  of  2  cm  radius  centered  at  the 
plate  center.  The  laser  input  was  2.5  x  104  Btu/m2,  with  a  duration  of  0.02  sec.  Results  have 
been  plotted  for  the  in-plane  and  out-of-plane  displacement  components  at  the  center  of  the  plate 
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Fig. 15  Radial  Stress  History  at  r=0.11  in. 
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as  functions  of  time.  The  first  result  shows  the  results  obtained  assuming  one-way  coupling  and 
thermoelastic  material  behavior  (see  Fig.  17).  Note  that  the  in-plane  component  oscillates  at 
about  140  Hz,  while  the  out-of-plane  component  responds  much  more  slowly. 

Fig.  18  compares  one-way  coupled  predictions  for  the  in-plane  displacement  at  the  plate 
center  both  with  and  without  viscoplasticity  included.  Note  that  the  inclusion  of  inelasticity 
causes  effective  damping  which  decreases  the  amplitude  of  vibration.  Of  course,  the  result  is 
very  similar  to  that  obtained  in  the  previous  section,  as  should  be  expected. 

In  order  to  test  the  effect  of  the  assumption  that  the  heat  input  is  instantaneous,  the  input 
was  changed  to  a  linear  ramp  over  the  first  20  msec,  then  constant  for  80  msec,  and  then 
abruptly  turned  off.  as  shown  in  Fig.  19,  the  results  are  quite  different  from  the  instantaneous 
results,  with  the  in-plane  displacement  oscillating  at  a  much  slower  frequency  until  the  heat 
source  is  turned  off.  Thereafter,  a  higher  frequency  response  is  observed,  similar  to  the  results 
for  the  instantaneous  input  solutions.  Note  that  the  residual  oscillations  are  centered  about  a 
non-zero  (compressive)  mean,  indicating  the  presence  of  a  residual  viscoplastic  deformation. 

The  final  result  is  for  the  case  where  full  two-way  coupling  is  assumed.  As  shown  in 
Fig.  20,  the  results  for  the  one-way  and  two-way  analyses  coupled  analysis  are  almost 
indistinguishable.  We  attempted  without  success  to  induce  more  substantial  differences  by 
sweeping  over  the  input  variables.  In  all  cases  the  differences  were  insignificant.  At  this  point 
in  time  we  feel  that  this  is  due  to  the  fact  that  the  viscoplastic  response  is  restricted  to  a  very 
small  zone  near  the  plate  center  and  is  essentially  nonoscillatory  in  nature.  It  is  our  belief  that 
significant  two-way  coupling  could  only  be  introduced  by  oscillating  the  heat  input,  thus 
producing  oscillatory  inelastic  deformations  which  would  result  in  more  substantial  hysteresis. 

The  following  is  a  summary  of  the  results  which  we  have  observed  after  solving  the 
three-dimensional,  axisymmetric,  fully  coupled,  thermoviscoplastic  equations  for  a  laser  heated 
thin  plate. 

1.  If  the  heat  impulse  is  of  sufficiently  short  duration,  and  very  localized  near  the  center 
of  the  plate,  the  fundamental  response  is  that  of  an  elastic  plate  under  a  point  load.  This 
is  true  under  both  stress-free  and  clamped  boundary  conditions. 

2.  If  the  heat  impulse  is  ramped,  a  slow  oscillation  about  a  deformed  state  (which  would 
be  given  by  constant  thermal  input)  is  observed.  After  the  heat  source  is  turned  off,  a 
complicated  return  to  a  permanently  deformed  state  is  observed. 

3.  The  inclusion  of  inelastic  effects  in  the  momentum  equations  accounts  for  about  a  5-10% 
change  in  out-of-plane  displacements. 

4.  The  inclusion  of  inelastic  two-way  coupling  affects  the  out-of-plane  displacements  very 
little  (less  that  2%  observed  change). 
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Fig.  17  Predicted  Displacements  at  the  Plate  Center 
Assuming  One-Way  Coupling  and  Thermoelastic 
Material  Behavior 
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Fig.  18  Comparison  of  Thermoelastic  and  Thermoviscoplastic 
Predictions  for  In-Plane  Displacement  Component  at 
the  Plate  Center 
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Fig.  19  In-Plane  Displacement  at  the  Plate  Center 
for  a  Ramp  Heat  Input 
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Fig.  20  Comparison  of  One-Way  Coupled  and  Two-Way  Coupled 
Results  for  In-Plane  Displacement  at  Plate  Center 


5.  Relatively  large  grids  may  be  used  away  from  the  boundary  thermal  input.  The  time 
step  limitation  is  primarily  due  to  the  rapid  thermal  heating  characteristic  time. 

6.  The  following  appears  to  be  the  approximate  ranking  of  effects  in  the  boundary  heated, 
no  external  loading,  axisymmetric  plate  problem: 

a)  Boundary  heating,  temperature  response  can  approach  100  degrees  Kelvin/sec  or 
more.  The  induced  thermal  stresses  and  strains. 

b)  Inelastic  corrections  to  the  deformations,  and  the  resultant  change  in  stress. 

c)  Two-way  thermoelastic  coupling. 

d)  Two-way  thermoinelastic  coupling.  This  effect  is  extremely  localized. 

Further  details  about  this  portion  of  the  research  can  be  found  in  Appendix  7.1. 


2.2.3  Damage  Dependent  Constitutive  Model  for  Metal  Matrix  Composites 

The  thermoviscoplastic  model  developed  in  the  previous  sections  was  intended  also  for  use 
with  short  fiber  metal  matrix  composites.  Therefore,  it  was  necessary  to  develop  a  composite 
constitutive  model  which  accounts  for  inelasticity  in  the  matrix.  This  was  accomplished  by 
applying  the  equivalent  inclusion  method  in  conjunction  with  the  Mori-Tanaka  method,  as 
described  in  detail  in  Appendix  7.3.  The  inclusion  was  assumed  to  be  linear  elastic,  and  the 
matrix  was  assumed  to  be  viscoplastic,  according  to  Miller’s  model  [5], 

In  order  to  extend  Benveniste’s  [6]  reinterpretation  of  the  elastic  version  of  the  Mori-Tanaka 

[7]  method  to  viscoplasticity,  we  relate  a  history  of  the  two  phase  self-consistent  scheme.  The 
use  of  the  self-consistent  method  to  predict  the  "effective",  or  overall  composite  stiffness  of 
elastic-plastic  matrices  reinforced  with  elastic  inhomogeneities  has  evolved  along  two  paths  -  the 
"equivalent  inclusion  method"  and  the  "direct  approach."  For  comprehensive  reviews,  see  Mura 

[8]  and  Hashin  [9],  respectively.  As  originally  formulated  by  Eshelby  [10]  for  dilute 
concentrations  of  inhomogeneities,  the  equivalent  inclusion  method  makes  use  of  the  following 
"equivalency  condition." 


C' 


i  *  /_v 

ijkfekl  * 


*  ekl 


*'ki> 


(2) 


The  reader  should  note  that  in  the  above  equation  and  in  the  remainder  of  the  paper  superscripts 
denote  a  qualitative  description  of  the  associated  variables,  whereas  subscripts  represent  tensorial 

components.  Thus,  in  (2)  C,!^  and  denote  the  elastic  stiffness  of  the  inhomogeneity 
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and  matrix,  respectively,  e ^  is  the  far-field  strain,  eH  is  the  strain  in  the  inhomogeneity, 

is  the  matrix  plastic  stain,  and  is  the  "equivalent  transformation  strain,"  or  "eigenstrain." 
Eshelby’s  principal  result  was  that  uniform  strain  fields  are  produced  in  an  ellipsoidal 
inhomogeneity  embedded  in  an  infinite  matrix  under  uniform  strain  and  uniform  plastic 


strain  ej^  The  method  was  subsequently  extended  by  Mori  and  Tanaka  [7]  by  including  a 

"back  stress"  analysis  which  accounts  for  the  mutual  interaction  between  inhomogeneities. 
Composite  elastic  and  plastic  hardening  moduli  were  obtained  from  energy  principles.  The 
Mori-Tanaka  back  stress  analysis  has,  in  turn,  been  extended  by  Taya  and  Chou  [1 1]  to  include 
two  types  of  inhomogeneities. 

As  pointed  out  by  Hill  [12]  in  his  self-consistent  analysis  of  polycrystalline  plasticity,  the 
matrix  instantaneous  stiffness  rather  than  the  elastic  stiffness,  should  be  used  in  the  solution  of 
the  "auxiliary  problem"  of  a  single  grain  embedded  in  an  elastic-plastic  matrix.  Following  this 
recommendation,  Tandon  and  Weng  [13]  corrected  the  Mori-Tanaka  method  by  replacing  the 

elastic  stiffness  in  equation  (2)  with  the  instantaneous  stiffness  and  removing  the 


plastic  strain 
form  is 


ekl 


from  the  equation.  The  resulting  equivalency  condition  in  the  incremental 


Cijkfdekl  +  dl*  +  deJ  =  Lijkfdekl  +  d*u  +  deu  '  dekP 


(3) 


where  deu  is  the  increment  of  the  Mori-Tanaka  "back  strain."  We  note  that  the  Mori-Tanaka 
formulation  for  an  elastic  matrix  is  recovered  if  the  instantaneous  stiffness  I  is  replaced  by 
the  elastic  stiffness  . 


Following  Hill  [14],  we  write  the  "direct  approach"  to  the  composite  elastic  stiffness  C^u 
as 
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c  =  cm  + 


c%C.1  -  C.m  )AJ 

ijmn  ijmrv  mnit 


(4) 


where  c1  is  the  reinforcement  volume  fraction  and  the  brackets  denote  the  orientation  average. 
The  composite  elastic  stiffness  can  be  obtained  following  the  determination  of  the  orientation 
dependent  "strain  concentration  factor",  A^,  which  gives  the  average  inhomogeneity  strain  in 
terms  of  the  uniform  composite  strain.  The  determination  of  is  the  essential  difficulty  in 
the  micromechanics  method.  For  dilute  concentrations  of  inhomogeneities,  the  tensor 

A?fkl  =  Tm  0311  be  obtained  from  Eshelby  [10]  as 

Tm  -  (/*  *  <5) 


where  Sljmn  is  the  Eshelby  tensor,  and  1^  is  the  identity  tensor.  For  a  non-dilute  concentration 
of  inhomogeneities,  the  strain  concentration  tensor  should  be  derived  in  a  manner  which  takes 
into  account  the  particle  interaction.  Hill  [15]  obtained  such  a  concentration  tensor  in  his  "direct 
approach"  to  the  self-consistent  scheme  for  two-phase  composites. 

The  Eshelby  tensor  is  a  function  of  the  particle  aspect  ratios  and  the  instantaneous  matrix 
stiffness.  Mura  [8]  has  given  single  integral  equations  for  the  Eshelby  tensor  corresponding  to 
the  case  of  a  transversely  isotropic  matrix  with  its  crystalline  directions  coincident  with  the 
principal  directions  of  a  spheroidal  inhomogeneity  of  any  aspect  ratio.  For  the  case  of  a 
generally  orthotropic  matrix  containing  spherical  inhomogeneities,  Morris  [16]  has  given  double 
integrals  for  the  Eshelby  tensor. 

In  order  to  use  Mura’s  integrals  for  the  Eshelby  tensor,  the  inhomogeneities  are  assumed 
to  be  aligned  in  the  x3  axis.  This  condition  is  not  overly  restrictive,  as  it  allows  for  the 
application  of  hydrostatic  pressure  and  combined  tension/torsion,  and  triaxial  stress  states  in 

which  6U  =  djj,  d33  *  0. 

Recently,  Benveniste  [6]  made  the  remarkable  observation  that  the  non-diiute  strain 
concentration  tensor  could  be  obtained  from  a  reexamination  of  the  elastic  Mori-Tanaka  method 
in  terms  of  equations  (4)  and  (5).  Benveniste  et  al.  [6]  subsequently  extended  the  analysis  to 
predict  the  effective  elastic  stiffness  of  composites  with  two  types  of  inhomogeneities.  Recall 
from  equation  (3)  that  the  elastic-plastic  form  of  the  Mori-Tanaka  method  is  obtained  by 
replacing  the  matrix  elastic  stiffness  with  the  instantaneous  stiffness.  Therefore,  the  elastic- 

plastic  form  of  the  Benveniste  et  al.  [6]  method  can  be  written  in  terms  of  instantaneous  stiffness  L^. 
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Under  an  applied  uniform  strain  rate  4®,  the  composite  instantaneous  tangent  stiffness  LijU  is 
given  as 


[TcrL..r  T  r  J  [VcT  r,,]1 
t—1  ijmn  mnopr  ^  opkl1 


(6) 


where  r  =  1  denotes  the  first  particle  type, 

r  =  2  denotes  the  second  particle  type,  and 
r  =  m  denotes  the  matrix  phase. 


The  average  phase  strain  rates  are  given  by 


r=l,2,...m 


(7) 


or 


r=U 


(8) 


.o 


wheje  the  matrix  strain  rate  is  written  in  terms  of  the  applied  strain  rate  e„  as 


ig-E 


r  =  1,2,.  ..m 


(9) 


The  dilute  strain  concentration  tensors  T.J^  are  given  in  the  form 

T.r.t  =  +  S.  r  (L  m  J’1  (I  r.  -  I  mJY\  r=U 

ijkl  1  ijmn  mnopr  v  opst  opsr1  ’  ^ 


(10) 


where  the  fourth-order  unit  tensor  is  defined  by 


(11) 
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(12) 


Similarly,  under  an  applied  traction  giving  rise  to  a  uniform  stress  rate  a”,  the 


composite  instantaneous  compliance  M ^  (=L~^)  is  given  as 

MijU  =  [Y  cTU.!  W  r  J  [YcrW  r.r\  r-lA-.j 
v«  "  tjmn  mnop1  opkr  *  ’ 


with 


. r  D  r  .0 
o..  =  5..,,  CT,„ 
y  y«  JU’ 


r=l,2,...m 


or 


-  wm 


where  the  matrix  stress  rate  is  written  in  terms  of  the  applied  stress  rate  o?.  as 


%  -E  °u  '<*■»•« 


The  dilute  stress  concentration  tensors  are 


nr  T  _  J  f  T  1“  If  ^ 

wijkl  ~  ijmn  1  mnop  MopkP 


r=\2/n 


Substitution  of  equations  (9)  into  (14)  results  in 

_  j 

ijkl  ~  V 


(13) 


(14) 


(15) 


(16) 


(17) 


(18) 


For  a  given  composite  stress  rate  d®,  the  composite  total  strain  rate  k°.  follows 
from  the  composite  compliance  Mijkl,  equation  (13).  The  micromechanics  leading  to  Mijkl  is 
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based  on  the  fact  that  the  composite  total  strain  rate  is  equal  to  the  volume  average  of  the  phase 
total  strain  rates.  As  pointed  out  by  Hill  [17]  the  elastic  and  inelastic  components  of  the 
composite  total  strain  rate  are  not  direct  averages  of  their  microscopic  counterparts  when  the 


composite  stress  rate,  6°,  maintains  inelastic  flow  in  an  elastically  heterogeneous  medium. 

The  composite  inelastic  strain  is  typically  obtained  from  an  elastic  unloading.  Because  the 
unified  equations  do  not  allow  for  regions  of  purely  elastic  deformation  we  will  consider  only 
imaginary  "instantaneous"  elastic  unloading.  In  other  words,  we  assume  that  during  the 
infinitesimal  period  of  unloading  static  recovery  has  insufficient  time  to  induce  inelastic  flow. 
With  this  assumption,  we  associate  with  each  real  state  an  imaginary  elastic  state  of  zero  applied 
stress.  The  composite  inelastic  strain  rate  is  then  given  by 

<19> 


However,  the  composite  inelastic  strain  rate  may  be  obtained  without  calculation  the  composite 
compliance.  Suquet  [18]  has  given  the  composite  inelastic  strain  as  the  volume  average  of  the 
product  of  the  phase  stress  concentration  factors  and  the  phase  inelastic  strains.  When  inelastic 
flow  occurs  only  in  the  matrix  the  result  is  simply 
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The  proof  follows  from  the  decomposition  of  strain  and  the  equivalence  of  micro  and  macro 
virtual  power,  also  known  as  Hill’s  Macrohomogeneity  Equality. 

The  model  accounts  only  for  the  particle  volume  fraction  and  not  the  individual 
particle  sizes.  We  make  the  implicit  assumption  that  the  individual  particles  "see"  a  statistically 
homogeneous  polycrystalline  matrix.  SiC  whiskers  of  1-2  fim  diameter,  however,  are  embedded 
within  single  grains.  Walker  and  Jordan  [19]  have  developed  unified  constitutive  equations  for 
single  crystals.  The  inversion  of  a  single  crystal  equation  to  the  total  strain  form  may  be  of 
limited  utility,  however,  due  to  the  presence  of  multiple  comers  on  a  single  crystal  SCISR. 
Fortunately,  continuous  fibers  of  150  /xm  diameter  may  be  at  least  one  order  of  magnitude  larger 
than  the  surrounding  grains  [Kim  et  al.  [20].  But  the  Mori-Tanaka  method  may  have  limited 
applicability  to  typical  continuous  fiber  reinforced  metal  matrix  composites,  which  are  often  no 
more  than  eight  plies  thick.  In  this  case,  the  fiber  diameter  is  of  the  same  order  of  magnitude 
as  the  composite  thickness.  The  rigorous  form  of  the  micromechanics  may  not  then  reduce  to 
the  simple  common  form  (see,  for  instance,  Mori  and  Tanaka  [7]. 

The  model  presented  herein  provides  the  mechanical  equation  of  state  for  the 
composite  and  the  growth  law  for  the  composite  inelastic  strain.  The  damage  state  is  treated  as 
known.  The  Mori-Tanaka  method  has  been  used  [Taya  [21]]  to  obtain  the  strain  energy  release 
rates  for  cracks  in  elastic  composites.  The  concept  of  strain  energy  release  rate  is  of  limited 
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utility  for  bodies  beyond  general  yield.  Also,  proportional  macro-loading  may  result  in  non¬ 
proportional  micro-loading.  The  J  integral  is  therefore  not  useful  for  calculating  microcrack 
strain  energy  release  rates. 

Although  the  model  has  not  yet  been  utilized  to  predict  stress-strain  behavior,  it  has 
been  utilized  to  predict  initial  yielding,  as  shown  in  Fig.  21.  Further  details  about  the  model 
can  be  found  in  Appendix  7.3. 


2.2.4  Effective  Elastic  Properties  of  Randomly  Oriented  Fiber  Composites  Due  to  Forming 

One  of  the  proposed  tasks  in  the  research  program  was  to  develop  constitutive 
equations  for  metal  matrix  composites  which  could  be  used  in  the  laser  heating  experiment. 
Although  our  ultimate  intent  was  to  produce  a  thermoviscoplastic  constitutive  model,  we 
discovered  that  the  initial  elastic  properties  of  chopped  fiber  composites  were  affected  by  the 
forming  process.  Therefore,  we  developed  a  model  for  predicting  the  initial  elastic  properties 
of  the  composite.  The  procedure  utilizes  the  equivalent  inclusion  method,  as  described  in  detail 
in  Appendix  7.2. 

To  see  how  this  is  accomplished,  consider  a  single  representative  volume  element  of 
a  composite  material  reinforced  by  continuous  or  discontinuous  fibers,  as  illustrated  in  Figs.  22-a 
and  22-b,  respectively. 

It  is  clear  that  the  above  volume  elements  are  transversely  isotropic,  thus  five  independent 
elastic  moduli  should  be  determined  theoretically  or  experimentally  for  both  cases.  Since  it  is 
very  cumbersome  to  solve  an  exact  boundary  value  problem  associated  with  the  double  cylinder 
model  shown  in  Fig.  22,  the  authors  utilize  the  equivalent  inclusion  method  proposed  by  Taya, 
et  al.  [1 1,22].  For  a  continuous  fiber  composite,  a  number  of  theoretical  solution  schemes  have 
been  investigated  for  determining  the  five  independent  elastic  moduli  of  the  transversely  isotropic 
volume  element  [23-26].  When  the  fiber  length  is  very  large  compared  to  the  fiber  diameter, 
these  solution  schemes  may  be  applied  to  a  composite  even  with  discontinuous  fibers. 
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Fig.  22  Representative  Volume  Elements 

(a)  Continuous  Fiber  Element 

(b)  Discontinuous  Fiber  Element 
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For  convenience,  the  composite  elastic  moduli  of  the  volume  element  are  assumed  to  be 
known.  In  matrix  form,  they  can  be  written  as 
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If  a  composite  is  initially  isotropic,  the  reinforcing  fibers  do  not  have  a  preferred 
orientation.  The  probability  density  distribution  for  fiber  orientation  may  be  represented  by  a 
sphere  in  the  three  dimensional  case.  In  the  case  where  the  fibers  are  distributed  randomly  in 
a  single  plane,  the  sphere  degenerates  to  a  circle.  The  degree  of  randomness  of  the  volume 
element  can  be  mathematically  formulated  for  an  initially  isotropic  short  fiber  composite  after 
certain  types  of  permanent  deformation,  such  as  hot  pressing,  extrusion,  or  rolling.  When  the 
composite  is  subjected  to  hot  pressing  or  extrusion,  the  material  becomes  transversely  isotropic. 
For  example,  a  cube  becomes  a  square  plate  or  a  cylinder  becomes  a  circular  disc,  and  vice 
versa.  For  an  arbitrary  thickness  change  and  diameter  change  due  to  hot  pressing  and  extrusion, 
respectively,  an  initially  isotropic  composite  becomes  transversely  isotropic  as  illustrated  in  Fig. 
23a  and  23b.  Alternatively,  a  forming  process  such  as  rolling  causes  orthotropic  reorientation 
of  fibers,  in  which  one  of  the  dimensional  changes  is  negligibly  small,  as  shown  in  Fig.  23c. 

The  present  approach  requires  three  assumptions: 

1 .  Although  the  fibers  after  each  of  the  material  forming  processes  mentioned  above  may 
not  be  evenly  distributed  within  the  subdomain  illustrated  in  Fig.  24,  the  fiber 
distribution  density  is  assumed  to  be  spatially  homogeneous  for  mathematical 
simplicity. 

2.  The  material  forming  processes  mentioned  herein  are  possible  only  through  the  plastic 
deformation  of  the  matrix  material.  Plastic  strain  may  not  be  spatially  homogeneous 
in  the  matrix  material  due  to  stress  concentrations  near  the  reinforcing  fibers.  Also, 
it  is  well  known  that  even  an  isotropic  homogeneous  material  becomes  transversely 
isotropic  or  orthotropic  after  the  subject  forming  processes.  This  plasticity  effect  is 
neglected  in  the  present  study. 

3.  The  material  forming  processes  mentioned  above  may  cause  defects,  such  as  broken 
fibers,  fiber  matrix  debonding,  etc.  Furthermore,  microvoids  cannot  be  completely 
removed  from  the  composite.  The  present  study  assumes  a  defect-free  composite. 
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Fig.  23a  Fiber  Reorientation  Due  to  Hot  Pressing 
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The  composite  stiffnesses  after  reorientation  of  each  volume  element  due  to  hot  pressing 
depend  on  the  ratio  of  virgin  material  thickness  to  formed  thickness.  From  Fig.  23-a, 


sinijf  =  —  =  £ 


(22) 


Thus,  the  stiffness  components  after  hot  pressing  are  given  by 

«  */2  ♦  ♦ 
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where 
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As  shown  in  Fig.  24,  the  direction  cosines,  au  ,  can  be  defined  as 


av- 


sin0cos<}>  -cos0cos4>  sin<J> 
sin0cos<J>  -cos0sin<J>  -cos<J> 
cos0  sin0  0 


(25) 


Substituting  (24)  and  (25)  into  (23)  gives  the  five  independent  elastic  constants  after  hot  pressing, 
in  terms  of  the  thickness  ratio  and  the  elastic  constants  of  a  perfectly  aligned  fiber  composite. 
These  are  described  in  Appendix  7.2. 

As  mentioned  earlier,  the  five  independent  elastic  constants  for  a  perfectly  aligned  fiber 
composite  must  be  known  prior  to  the  forming  process.  The  shape  of  reinforcing  short  fibers 
or  whiskers  has  been  frequently  assumed  by  a  number  of  researchers  [11,22]  to  be  a  prolate 
spheroid.  This  approach  is  known  as  the  equivalent  inclusion  method  from  which  all  elastic 
constants  of  a  composite  reinforced  by  aligned  inclusions  can  be  estimated  either  analytically  or 
numerically. 

From  the  present  study,  the  effective  elastic  constants  for  aligned  continuous  or 
discontinuous  fiber  composites  can  be  predicted.  The  effective  transverse  Young’s  modulus  is 
compared  with  the  experimental  data  in  Fig.  25. 

In  Fig.  26  the  effective  elastic  constants  for  a  composite  with  aligned  discontinuous  fibers 
are  illustrated  for  glass  fibers  in  polystyrene.  The  elastic  constants  are  then  utilized  as  input  data 
for  determining  the  effective  Young’s  modulus  of  the  same  composite  with  randomly 
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TRANSVERSE  YOUNG'S  MODULUS 


Fig.  25  Transverse  Young’s  Modulus  for  a 
Continuous  Fiber  Composite 
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-  ORTHOTROPIC  PLANE 

- ISOTROPIC  PLANE 

Ef=10.5  Msi  Em  =  0.47  Msi 
Vf=0.20  Vm=0.32  L/D=675 


Fig.  26b  Shear  Modulus  for  a  Perfectly  Aligned 
Fiber  Composite 


POI 


Fig.  26c  Poisson’s  Ratio  for  a  Perfectly  Aligned 
Fiber  Composite 
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oriented  fibers  in  a  two  dimensional  domain.  Fig.  27  shows  the  comparison  between  the  present 
study  and  the  experimental  result  of  Lee  [27]. 

The  variations  of  the  effective  Young’s  modulus  in  the  major  axis  are  illustrated  in  Fig. 
28  for  an  ideal  short  fiber  composite  subjected  to  each  of  the  three  material  forming  processes 
discussed  earlier.  Consider  an  extreme  case  in  which  the  thickness  ratio  is  zero.  In  such  a  case 
the  fibers  after  hot  pressing  or  rolling  become  planar.  The  material  properties  after  hot  pressing 
become  transversely  isotropic,  while  those  after  rolling  remain  orthotropic.  When  the  material 
is  subjected  to  an  extrusion  in  which  the  diameter  ratio  approaches  zero,  the  material  properties 
for  a  perfectly  aligned  fiber  composite  are  retrieved,  as  shown  in  Fig.  28. 

From  the  present  study,  an  engineering  tool  is  proposed  for  theoretical  evaluation  of  the 
elastic  properties  for  a  composite  with  perfectly  aligned  short  fibers. 

2.3  Experimental  Programs 

The  experimental  research  was  performed  in  two  distinct  areas:  constitutive  testing;  and 
plate  response  to  external  heating.  The  constitutive  experiments  involved  uniaxial  testing  of 
coupons  at  elevated  temperature.  The  results  of  these  tests  were  utilized  to  characterize  the 
material  constants  for  current  uniaxial  thermoviscoplastic  constitutive  models. 

The  second  experimental  area,  the  testing  of  plates  under  external  heating  was  necessary 
to  verify  the  theoretical  models  developed  herein.  These  two  experimental  efforts  are  discussed 
in  greater  detail  in  the  following  two  subsections. 


2.3.1  Constitutive  Testing 

As  a  part  of  the  research  program  it  was  necessary  to  produce  a  thermoviscoplastic 
constitutive  model  applicable  to  Hastelloy  X,  the  material  used  in  the  plate  experiments.  Toward 
this  end,  the  constitutive  theories  chosen  for  this  investigation  were  those  of  Bodner  [3]  and 
Walker  [4],  Selection  was  based  upon  several  considerations,  namely:  1)  these  models  have 
been  scrutinized  very  carefully  in  the  literature  and  are  now  considered  to  be  in  a  mature  form: 
2)  these  models  have  been  previously  used  to  model  the  behavior  of  Hastelloy  X;  3)  parameter 
evaluation  schemes  are  more  readily  available  for  obtaining  "initial”  estimates  to  the  material 
constants;  and  4)  continued  development  of  these  models  requires  a  thorough  understanding  of 
their  full  potential,  as  well  as  their  limitations.  These  models  are  reviewed  in  detail  in  Appendix 
7.4. 

The  construction  of  these  models  required  that  a  series  of  complex  experiments  be 
performed  for  temperatures  of  1100  and  1700°F  using  four  different  mechanical  testing  modes. 
These  include  monotonic  tension,  fully  reversed  cyclic,  stress  drop,  and  complex  history 
experiments. 
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Fig.  27  Effective  Young’s  Modulus  for  a  Composite 
with  Two-Dimensional  Random  Fibers 
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Fig.  28  Effective  Major  Young’s  Modulus 
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All  of  the  tests  performed  during  this  program  were  carried  out  in  the  Solid  Mechanics 
Laboratory  of  the  Aerospace  Engineering  Department  at  Texas  A&M  University  using  an  MTS 
880  servo-hydraulic  closed-loop  testing  machine.  The  load  frame  was  configured  with  a  closed- 
loop  heating  chamber,  water-cooled  hydraulic  grips,  and  externally  mounted  load  cell,  and  axial 
extensometer,  and  a  mini-computer  for  controlling  testing  operations.  The  heating  chamber  had 
a  maximum  operating  range  of  1800°F  and  was  of  the  three  zone,  resistive  heating,  clam  shell 
type  design.  Temperature  feedback  for  each  longitudinal  set  of  heating  coils  was  provided  by 
24/28  gauge  K-type  bead  welded  thermocouple  wire.  The  temperature  at  the  center  of  each  zone 
was  monitored  by  its  own  process  and  power  controller  and  enabled  the  user  to  establish  and 
maintain  a  spatially  uniform  temperature  profile  (within  ASTM  specifications  for  a  short  term 
test)  along  the  gauge  length  of  the  specimen.  A  set  of  Fiberfrax  insulating  plugs  placed  on  the 
top  and  bottom  access  ports  of  the  furnace  and  grips  which  extended  into  the  hot  zone  were  used 
to  reduce  and/or  minimize  the  effect  of  convective  and  conductive  heat  losses,  respectively. 

A  high  temperature  specimen  grip  system  was  utilized  for  this  series  of  experiments  and, 
as  stated  above,  extended  into  the  main  body  of  the  furnace.  The  grips  were  designed  to  accept 
threaded  specimens  through  the  use  of  an  inside/outside  threaded  adapter.  Backlash  in  the 
specimen/adapter  assembly  was  removed  via  a  hydraulically  operated  piston  which  could  be 
loaded  to  a  specified  amount.  Grip  alignment  was  performed  prior  to  and  during  testing  (failure 
of  one  of  the  specimen  adapters  necessitated  a  realignment  during  the  course  of  the  experimental 
program).  This  included  a  check  of  both  concentricity  and  angularity  of  the  load  train  with 
respect  to  the  actuator  rod  movement.  The  alignment  procedure  yielded  a  total  indicated  run-out 
of  0.0008"  at  an  angle  of  0.22°,  as  measured  by  a  digital  dial  indicator  accurate  to  0.00005". 
However,  since  the  adapter  assembly  contained  a  number  of  threaded  components,  it  was  not 
reasonable  to  expect  any  degree  of  repeatability  of  these  measured  quantities,  however;  they  are 
stated  for  the  sake  of  completeness.  It  should  also  be  noted  that  there  was  no  explicit 
measurement  of  specimen  bending  strains  to  ensure  compliance  with  ASTM  specifications. 

The  primary  measured  data  of  interest  included  load,  displacement,  and  temperature. 
The  load  data  were  obtained  via  a  10  KIP  load  cell  mounted  in  the  load  train.  Displacement 
data  were  measured  using  a  one  inch  gauge  length,  air  cooled,  axial  extensomenter.  The 
extensometer  was  mounted  outside  the  furnace  and  used  a  set  of  conical  tipped  quartz  extender 
rods  to  make  contact  with  the  specimen.  Signal  conditioning  for  both  of  these  transducers  was 
part  of  the  MTS  880  load  frame  system  and  possessed  a  multiple  range  select  feature  which 
provided  maximum  data  resolution.  Load  and  displacement  data  were  measured  using  a  12  bit 
A/D  system  which  had  a  +.5  mV  resolution  and  was  an  integral  part  of  the  controlling  and 
measuring  computer  system.  Temperature  data  were  obtained  using  three  24/28  gauge  K  type 
thermocouples  equally  spaced  along  the  gauge  length  of  the  specimen.  The  thermocouples  were 
connected  to  a  multi-channel  digital  thermometer  which  was  not  an  intergral  part  of  the  A/D 
measuring  system.  Therefore,  temperature  data  were  not  automatically  recorded  on  a  regular 
basis,  as  were  the  load  and  displacement  measurements.  Instead,  temperature  values  at  the 
beginning  of  a  test  were  entered  by  hand  into  the  data  acquisition  program  and  simply  monitored 
thereafter.  The  thermocouples  were  attached  to  the  specimen  using  the  self-supporting  method. 
This  method  of  attachment  provided  sufficient  thermal  contact  with  the  material  to  yield 
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accurate  temperature  measurements  and  did  not  flaw  the  specimen  (which  in  general  can  result 
in  premature  failure),  as  is  common  with  welding  thermocouples  to  the  surface. 

The  Hastelloy  X  material  used  to  fabricate  the  specimens  was  purchased  in  bar  stock 
form  from  Atek  Metals  Center  of  Houston,  Texas.  This  was  a  solution  strengthened  material 
conforming  to  ASM  specification  number  5754H.  The  design  of  the  specimen  was  that  of  a 
standard,  constant  gauge  section,  low  cycle  fatigue  geometry  having  a  nominal  one  inch  gauge 
length  and  quarter  inch  diameter  circular  cross-section.  The  specimens  were  fabricated  to  meet 
ASTM  E606-77T  specifications  except  for  the  surface  finish  and  post  machining  heat  treatment. 
A  32/*  finish  was  used  instead  of  the  typical  8/*  for  cost  considerations.  In  addition,  the 
specimens  were  used  in  an  "as  received"  condition  with  no  additional  heat  treatment  to  remove 
microstructural  damage  resulting  from  the  machining  process. 

A  total  of  27  tests  were  conducted  in  fulfillment  of  this  isothermal  constitutive  test 
program.  Two  cyclic  tests  were  carried  out  at  1200  and  1600°F,  respectively,  and  served  as  a 
basis  of  comparison  to  previously  obtained  data  and  for  uniaxial  constitutive  code  verification. 
Specific  details  of  the  remaining  25  experiments  are  as  follows.  Monotonic  tension  and  fully 
reversed  cyclic  tests  were  performed  at  1100  and  1700°F,  using  a  variety  of  strain  rates,  ranging 
from  lxlO"5  to  3xl0'3  sec1,  under  strain  controlled  conditions.  Strain  amplitudes  for  the  tension 
and  cyclic  test  were  4.0%  and  0.8%,  respectively.  However,  the  strain  amplitude  of  0.8%  was 
subsequently  reduced  to  0.4%  during  the  course  of  HOOT  experiments  because  specimen 
buckling  became  a  problem.  This  was  apparently  the  result  of  a  material  instability  at  the 
selected  temperature  and  strain  rate. 

The  fully  reversed  cyclic  experiments  were  carried  out  until  a  saturated  condition  was 
achieved.  For  the  purpose  of  this  test  program,  cyclic  saturation  was  defined  as  a  change  in 
stress  amplitude  of  less  than  100  psi  from  one  cycle  to  the  next.  The  stress  drop  tests,  used  to 
measure  values  of  back  stress,  were  performed  by  inserting  a  hold  time  on  the  unloading  branch 
of  a  fully  reversed  saturated  hysteresis  loop,  and  monitoring  the  creep  response.  When  positive 
creep  was  observed,  the  hold  stress  was  greater  than  the  back  stress  and  vice  versa,  when 
negative  creep  was  seen.  Since  it  is  very  difficult  to  obtain  the  exact  hold  stress  which  results 
in  no  creep,  the  general  procedure  was  to  bracket  the  positive  and  negative  creep  responses  and 
use  a  linear  regression  scheme  to  estimate  the  values  of  the  back  stress.  Additional  stress  drops 
were  made  on  a  specimen  after  it  had  been  recycled  to  saturated  condition. 

Finally,  two  experiments,  one  each  at  1100T  and  1700°F,  were  performed  in  order  to 
verify  the  predictive  capabilities  of  the  constitutive  models  considered  herein.  These  complex 
history  tests  included  mechanical  effects  such  as  strain  rate  jumps,  relaxation,  cyclic  behavior, 
and  strain  holds.  A  complete  summary  of  the  entire  test  matrix  can  be  found  in  Table  1 .  The 
material  parameters  resulting  from  these  experiments  are  listed  in  Tables  2  and  3. 

Figures  29  and  30  demonstrate  the  predictive  capabilities  of  the  models  compared  to 
complex  history  tests  performed  on  Hastelloy  X  at  1700T.  Experimental  results  were  compared 
to  Bodner’s  model  at  1700T,  as  shown  in  Fig.  29.  This  figure  shows  that  Bodner’s  model 
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Table  1.  Test  Matrix 


Test 

1 

Specimen 

Temp . 
(F) 

Strain 

Rate^ 

(sec' 

Strain 
Amp . 

(%) 

Type  of 
T-'st 

4 

4 

1100 

i  i ooi r.ns 

2 . 5 

Monotor.i  c 

| 

1 

i 

Tension 

5 

5 

mm 

1 . 1921E-05 

0.8 

Cvclic 

6 

6 

BUM 

1 . 1921E-05 

0.8 

Cyclic 

/ 

/ 

1700 

1. 2207E-04 

0.8 

Cyclic 

8 

8 

1700 

1 . 1903E-03 

0.8 

Cyclic 

9 

9 

1700 

5 . 0362E-04 

0.8 

Stress 

Hold 

10  * 

10 

0.6 

Monotonic 

1 

Tension 

11 

11 

1700 

1 . 1903E-03 

4.0 

Monotonic 

Tension 

12 

12 

1700 

3 . 8148E-03 

0.8 

Cyclic 

13  * 

13 

1100 

3 . 8148E-03 

0.8 

Cyclic 

14 

14 

1100 

1 . 2207E-04 

0.8 

Cyclic 

15  * 

15 

1100 

1 . 1903E-03 

0.8 

Cyclic 

16 

16 

1100 

1 . 1903E-03 

4.0 

Monotonic 

Tension 

17 

17 

18  * 

18 

1100 

1 . 1903E-03 

'  0.8 

Cyclic 

19 

19 

20 

20 

21 

21 

1100 

5 . 3047E-05 

0.8 

Stress 

Hold 

22  * 

22  * 

1100 

5 . 0362E-04 

0.8 

Cyclic 

23 

23 

1100 

5 . 0355E-04 

0.6 

Stress 

Hold 

24 

24 

1100 

1. 1902E-03 

0.4 

Stress 

Hold 

25 

25 

26 

26 

27  <a 

27 

1100 

0.6 

Complex 

History 

28  (2 

28 

1700 

0.6 

Complex 

History7 

Table  2. 

Material  Parameters 
Model  at  1100* F  and 

for  Bodner 
1700*F. 

'  s 

Parameter 

1100°F 

1700°F 

-1 

,  sec  “ 

0.6500E-04 

0 . 6500E- 0^ 

,  sec'^ 

0 . 6500E-04 

0. 5500E-04 

Dq,  sec'^- 

0 . 1000E+05 

0 . 1000E+05 

E,  psi 

0. 2394E-08 

0 . 1900D+08 

rl 

0. 9800E-00 

0 . 9800E-00 

r2 

0 . 9800E-00 

0 . 9800E-00 

,  psi"*- 

0 . 5500E-03 

0 . 5300E-03 

m2,  psi*-*- 

0.1100E-01 

0 . 1100E-02 

m3,  psi*-*- 

0 . 3477E-04 

0 . 3477E-03 

n 

0 . 1000E+01 

0 . 7000E-00 

Z0,  psi 

0 . 1000E+06 

0 . 2500E+06 

Zlf  psi 

0 . 2900E+06 

0 . 2200E+06 

Z2.  psi 

0 . 1000E+06 

0 . 2500E+06 

Z3,  psi 

0 . 1300E+06 

0 . 8200E+05 
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Table  3.  Material  Parameters  for  Walker's 
Model  at  1100 *F  and  1700* F. 


Parameter 

HOOT 

1700°F 

Li,  psi 

0 . S580E+03 

0 . 1080E-i-06 

d2,  Ps- 

0 . OOOOE-OO 

0. OOOOE-OO 

E ,  psi 

0.2394E+08 

0 . 1900E+08 

nj,  psi 

0. OOOOE-OO 

0. OOOOE-OO 

r-2  >  Psi 

0 . 4200E+07 

0 . 2500E+06 

n3 

0. OOOOE-OO 

0. OOOOE-OO 

n4 

0. OOOOE-OO 

0. OOOOE-OO 

n5 

0. OOOOE-OO 

0. OOOOE-OO 

ng ,  psi^'^sec'^ 

0. OOOOE-OO 

0. OOOOE-OO 

u-j ,  sec 

0. OOOOE-OO 

0. OOOOE-OO 

n 

0.1420E+02 

0 . 5000E+01 

m 

0. 1160E+01 

0 . 1160E+01 

B0,  psi 

-0 . 2000E+04 

-0 . 1000E+04 
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STRESS 


Fig.  29.  Comparison  of  Bodner's  Model  to  Experimental 
data  at  1700*F  for  a  Complex  Strain  Input 
History. 
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STRESS 


%  STRAIN 

Fig.  30.  Comparison  of  Walker's  Model  to  Experimental 
data  at  1700*F  for  a  Complex  Strain  Input 
History. 
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predicts  an  extremely  "over square"  response.  This  response  is  not  in  keeping  with  the 
observations  made  previously  in  this  study,  where  Bodner’s  theory  accurately  represented  the 
general  shape  of  the  stress-strain  curve.  Also,  this  model  demonstrates  insensivity  to  relaxation 
and  strain  rate  jumps.  This  response  is  contrary  to  information  given  by  Bodner,  where  it  is 
stated  that  use  of  the  plastic  strain  rate  as  the  measure  of  hardening  enables  the  model  to  better 
predict  strain  rate  jump  behavior.  This  inconsistency  is  possibly  due  to  the  fact  that  the 
hardening  terms  in  the  evolution  equations  saturate  too  quickly. 

Figure  30  presents  a  comparison  of  Walker’s  theory  to  measured  values  at  1700°F. 
Walker’s  model  predicts  the  overall  response  accurately,  including  general  shape,  strain  jumps, 
and  relaxation.  This  outcome  is  congruent  with  previous  results. 

Further  results  for  this  phase  of  the  research  can  be  found  in  Appendix  7.4. 

2.3.2  Plate  Testing 

An  experimental  program  was  developed  to  investigate  the  transient  response  of  a 
viscoplastic  plate  subjected  to  rapid  heat  input.  Of  particular  interest  was  the  measurement  of 
the  displacement  and  temperature  fields  for  a  rectangular  plate  specimen  undergoing  rapid  laser 
heating.  The  experimental  program  was  performed  at  the  Air  Force  Wright  Aeronautics 
Laboratories  using  the  LHMHL  I  (Laser-Hardened  Materials  Evaluation  Laboratory)  facility. 

A  specimen  support  fixture  was  designed  to  impose  clamp-like  boundary  conditions  along 
each  edge  of  a  rectangular  plate  specimen.  The  super- structure  of  the  fixture  was  fabricated 
from  6061-T6  aluminum  to  support  the  specimen  in  the  vertical  position,  as  shown  in  Figs.  31a 
and  31b.  An  insert  made  of  304  stainless  steel  served  both  as  a  support  stiffener  and  water 
jacket.  The  total  water  cooling  system  provided  a  uniform  and  constant  plate  boundary 
temperature  using  tap  water.  Thermocouples  were  attached  to  each  half  of  the  insert  at  the  mid¬ 
position,  approximately  0.5  in  away  from  the  specimen,  to  record  any  temperature  variations. 

Hastelloy  X  material  was  obtained  in  plate  form  from  ATEK  Metals  Center,  Inc., 
Cincinnati,  Ohio.  Three  27  x  40  in  plates  with  designated  heat  numbers  2600-7-4649,  040161, 
and  260-7-4630,  corresponding  to  nominal  plate  thicknesses  of  1/16  in,  1/8  in,  and  1/4  in, 
respectively,  were  used  to  fabricate  a  total  of  18  specimens  (6  of  each  thickness).  The  material 
was  received  in  an  annealed  condition  specified  by  ASTM  5536  and  used  without  further  heat 
treatment.  No  micrographic  studies  were  performed  to  investigate  the  variations  in  grain 
structure  or  size  that  existed  between  the  different  heats. 

An  integrated  instrumentation  package  was  used  to  simultaneously  measure  the 
displacement  and  temperature  fields  in  a  plate  specimen  undergoing  laser  irradiation.  The 
primary  instrumentation  included:  1)  LVDT’s  (Linear  Variable  Differential  Transformers)  for 
measuring  displacement;  2)  thermocouples  for  measuring  temperature;  3)  a  radiant  pyrometer 
for  measuring  surface  brightness  temperature;  and  4)  strain  gages  for  measuring  the  plate 
vibration  frequency.  A  12  bit,  high  speed  data  system  (called  the  PCM)  was  used  to  convert 
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?.)  Support  Structure  Side  View 


b)  Support  Structure  Front  View 


Fig.  31  Plate  Specimen  Support  Fixture 
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the  analog  output  of  these  transducers  and  thermocouples  to  an  equivalent  binary  form  at  an 
approximate  rate  of  1.2  KHz.  Once  converted,  the  data  were  stored  on  magnetic  tape  for 
subsequent  conversion  to  engineering  units  and  any  other  post-processing.  Described  below  is 
a  more  detailed  discussion  on  the  implementation  of  the  various  pieces  of  instrumentation. 

A  total  of  11  Schaevitz  DC-operated  LVDT’s  (model  number  GCD-121)  were  used  to 
sense  the  out-of-plane  displacements  resulting  from  the  laser  deposition.  The  outputs  of  the 
LVDT’s  were  scaled  via  the  data  system,  to  detect  displacements  as  small  as  0.0001  in,  at  a 
published  maximum  frequency  response  of  15  Hz.  The  LVDT’s  were  arranged  in  a  symmetric 
pattern  around  the  heat  zone  (see  Fig.  32)  and  were  rigidly  mounted  to  a  support  system  which 
was  positioned  directly  behind  the  specimen,  as  shown  in  Fig.’s  33a  and  33b.  In  addition,  2 
LVDT’s  were  used  to  monitor  relative  movement  between  the  LVDT  support  system  and  plate 
fixture. 


Measr~ment  of  the  in-plane  temperature  field,  through-thickness  temperature  gradients, 
and  non-contact  plate  surface  temperatures,  were  made  using  21  K-type  30  gage  thermocouples. 
As  shown  in  Fig.’s  34  and  35,  the  thermocouples  were  concentrated  in  a  1  in  diameter  circle 
around  the  heat  zone  and  were  arranged  in  a  symmetric  pattern  for  measuring  the  in-plane 
temperature  field.  The  through-thickness  temperature  gradients  were  measured  using 
thermocouples  positioned  at  the  same  coordinate  locations,  but  mounted  on  the  front  and  back 
of  the  specimen.  All  thermocouples  were  intrinsically  mounted  to  the  specimen  via  a  welding 
operation  with  the  exception  of  4  thermocouples.  All  thermocouples  mounted  on  the  front 
surface  of  the  plate  (the  heat  side)  were  Inconel  600  heated  to  withstand  the  extreme 
temperatures,  whereas  the  thermocouples  mounted  on  the  back  side  of  the  specimen  were 
insulated  using  high  temperature  glass  braid.  The  thermocouples  were  connected  to  the  data 
system  via  a  150°F  reference  oven,  which  for  this  test  was  left  open  to  room  temperature.  For 
thermocouple  inpt-f  the  data  system  was  scaled  to  record  voltage  changes  on  the  order  of  0.03 
mV,  which  corr  sp  nds  to  a  measured  temperature  resolution  of  approximately  1.4°F.  Thus, 
taking  into  account  the  NBS  wire  error  specification  and  the  above  resolution,  a  maximum 
temperature  uncertainty  between  5.36°F  and  18.5°F  can  be  expected. 

A  Thermogage  Corporation  germanium  radiation  pyrometer  (model  number  8000-1)  was 
used  to  obtain  relative  measurement*  of  the  plate  surface  brightness  temperature.  The  pyrometer 
is  a  high  speed  transducer,  having  a  peak  spectral  response  at  a  wavelength  of  1.5  ^m  and  an 
effective  temperature  range  between  900°F  and  5400°F  within  a  target  area  of  approximately 
0.0491  in2.  The  pyrometer  was  aligned  to  record  temperatures  within  the  laser  irradiated  spot 
diameter  in  conjunction  with  a  thermocouple.  The  output  of  the  pyrometer  was  fed  into  the  data 
system  for  use  later  in  developing  an  appropriate  transfer  function  for  the  slower  responding 
thermocouples. 

A  Micro-Measurements  CEA-13-12SUN-350,  350  0  strain  gage  was  used  to  measure  the 
dynamic  response  of  the  specimen  resulting  from  the  rapid  heating.  The  strain  gage  was  parallel 
with  the  edge  of  the  plate  specimen  approximately  2.5  in  off  center.  Since  vibration  frequencies 
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Fig.  33  LVDT  Support  Stand  Positioned  Behind  the  Specimen 
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SPECIMEN  CLAMPING  LIJNE 


.  34  Thermocouple  Locations  on  the  LVDT  Side  of  the  Specimen 


Fig.  35  Thermocouple  Locations  on  the  Laser  Irradiated  Side  of  the  Specimen 


and  not  strain  magnitudes  were  of  interest,  the  output  of  the  strain  gage  was  displayed  on  a 
Visicorder  strip  chart  recorder. 


The  experiments  were  performed  at  the  Air  Force  Wright  Aeronautics  Laboratory  in  the 
LHMEL  I  facility,  which  is  managed  and  operated  by  ACUREX  Corporation.  A  schematic  of 
the  facility  and  pertinent  equipment  is  shown  in  Fig.  36.  ACUREX  personnel  were  responsible 
for  the  overall  test  procedures  which  included:  1)  safety  considerations;  2)  calibration  of  the 
laser  and  other  support  equipment  provided  by  ACUREX;  3)  the  laser  operating  characteristics; 
4)  the  laser  fire  sequence;  and  5)  sufficient  photographic  documentation  to  reproduce  the  test 
setup. 


The  plate  specimens  were  irradiated  using  a  high  energy  electric  discharge  15  KW 
continuous-wave  carbon  dioxide  laser  operating  at  a  wavelength  of  10.6  /*m  with  a  flat-top  beam 
profile.  The  exact  beam  profile,  which  includes  both  width  and  density,  was  determined  by 
ablation  of  square  plexiglass  specimens,  as  shown  in  Fig.  37.  By  measuring  the  plexiglass  bum 
patterns,  both  the  laser  target  area  and  beam  uniformity  in  the  radial  direction  can  be  found  (see 
Fig.  ’s  38a  and  38b  for  a  typical  example).  For  this  experiment,  the  laser  contact  spot  was  found 
to  be  ellipsoidal,  having  major  and  minor  axis  lengths  equal  to  0.5235  in  and  0.5276  in, 
respectively  (this  is  a  result  of  the  beam  striking  the  specimen  at  a  10°  incidence  angle  in  order 
to  prevent  energy  feed  back  through  the  laser  z-pattem). 

The  test  apparatus  was  positioned  in  the  laser  facility  test  cell,  as  shown  in  Fig.  39. 
Additional  items  used  during  the  experiments,  but  not  previously  discussed  are:  1)  a  nitrogen 
flood  box  which  was  used  to  prevent  oxidation  of  the  specimen  surface  while  it  was  being 
heated;  and  2)  video  and  high  speed  (500  frames/sec)  cameras  for  documentation  of  the  plate 
response  during  laser  deposition. 

A  total  of  4  laser/structure  interaction  experiments  were  conducted.  All  4  tests  utilized 
the  same  1/16  in  thick  plate  specimen  (number  HX  P0116G)  with  input  heat  flux  and  exposer 
time  serving  as  test  variables.  The  primary  objectives  of  the  first  three  tests  were  to  measure 
the  displacement  and  temperature  fields.  Therefore,  laser  power  levels  and  exposer  times,  as 
shown  in  Table  4,  were  adjusted  to  bring  the  specimen  temperature  to  just  below  the  melting 
point.  Figures  40  and  41  show  typical  output  of  the  LVDT’s  and  thermocouples  during  laser 
irradiation. 

The  last  experiment  run  on  the  specimen  was  a  bum  through  test.  The  objective  of  this 
test  was  to  find  an  upper  bound  on  the  laser  power  settings  and  exposure  time  for  this  material. 
Only  temperature  data  was  taken  in  order  to  preclude  damaging  any  of  the  LVDT’s  when  bum 
through  occurred.  The  results  of  this  experiment  are  best  shown  in  Fig.  42. 

In  summary,  a  list  of  the  major  problems  encountered  during  the  tests  is  as  follows:  1) 
energizing  and/or  firing  the  laser  adversely  affected  the  measured  data,  both  with  noise  and 
voltage  shifts;  2)  there  was  no  explicit  indication  of  when  the  laser  power  was  on  and  off  the 
target  area;  3)  the  nitrogen  flood  box  did  not  provide  an  inert  environment  and  made 
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(May  be  removed  to  test  specimen) 
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Parts,  records,  supplies 
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b)  After  Ablation 


Fig.  37  Plexiglass  Specimens  Used  to  Check  the  Laser  Beam 
Width  and  Density 
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a)  Front  View  Showing  Laser  Beam  Width 
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b)  Side  View  Showing  Laser  Beam  Density  Distribution 


Fig.  38  Typical  Plexiglass  Burn  Patterns 
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Fig.  39  Test  Apparatus  Positioned  in  the  Laser  Facility 
Test  Cell 
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Fig.  41 


Typical  Thermocouple  Output 
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3  Second  Duration  Test 
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photographic  documentation  difficult;  4)  the  thermocouple  reference  junction  needed  to  be  below 
room  temperature;  5)  a  constant  aperture  setting  on  the  video  and  high  speed  cameras  made 
photographic  interpretation  difficult  at  the  specimen  heated  up;  6)  the  pyrometer  data  was 
inappropriately  scaled;  and  7)  there  was  apparent  movement  of  the  LVDT  support  stand  during 
laser  deposition. 

It  appears  that  the  PCM  malfunctioned  during  the  experiments.  It  is  believed  that 
significant  background  noise  at  60  Hz  was  picked  up  by  the  apparutus,  thus  invalidating  the 
experimental  results.  Due  to  logistical  problems,  it  was  not  possible  to  perform  further 
experiments  to  study  this  problem. 


Table  4.  Laser  Parameters  for  the  Specified  Tests 


Test 

Shot 

Incident 

Beam 

Heat 

Shot 

Number 

Energy  (KW 
sec) 

-  Area  (cm2) 

Flux(KW/cm2) 

Duration 

1 

49540 

1.4 

1.4 

1 

5.0 

2 

49541 

2.8 

1.4 

2 

3.0 

3 

49546 

4.2 

1.4 

3 

1.0 

4 

49550 

7.0 

1.4 

5 

1.2-1. 6 

Further  details  about  the  experimental  program  on  plates  can  be  found  in  refemce  2  and 
Appendix  7.7. 

2.4  Conclusions 

We  have  synopsized  herein  the  results  obtained  during  the  course  of  AFOSR  contract  no. 
F49620-86-K-0016.  Below  are  a  few  of  the  major  conclusions  formed  as  a  result  of  this 
research  effort: 

1)  analytic  results  suggest  that  high  energy  laser  heating  can  induce  dynamic  response  in 
plate-like  structural  components; 

2)  where  heating  is  of  sufficient  intensity,  it  is  possible  to  induce  significant  viscoplastic 
defoimations  in  plates,  and  this  inelastic  response  produces  significantly  different  behavior 
from  elastic  results; 

3)  laser  heating  of  thin  plates  can  produce  significant  geometric  nonlinearity; 
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4)  two-way  thermomechanical  coupling  in  laser  heated  plates  does  not  appear  to  be 
significant  because  the  inelastic  strains  do  not  oscillate  substantially; 

5)  elastic  properties  in  plates  composed  of  short  fiber  metal  matrix  composites  appear  to 
be  strongly  affected  by  the  forming  process  -  a  model  has  been  proposed  herein  to  account 
for  this  effect; 

6)  the  thermoviscoplastic  constitution  of  short  fiber  metal  matrix  composites  is  highly 
complicated  -  a  thermoviscoplastic  model  has  been  proposed  herein  which  utilizes  the 
equivalent  inclusion  method; 

7)  in  order  to  model  the  thermoviscoplastic  deformations  that  occur  in  a  laser  heated 
metallic  plate,  it  is  necessary  to  develop  sophisticated  constitutive  equations;  these  equations 
require  that  a  series  of  complicated  experiments  be  performed  -  this  has  been  done  herein 
for  two  candidate  models;  and 

8)  laser  heating  experiments  on  plates  are  extremely  complex  -  although  some  initial 
experiments  were  performed  as  a  part  of  this  research,  more  experiments  are  needed  before 
concise  statements  can  be  made  about  the  accuracy  of  the  models  developed  under  this 
contract. 
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ABSTRACT 


A  Finite  Element  Model  for  Predicting  Nonlinear  Thermomechanical 
Response  of  Plate  Structures  to  F>.apid  External  Heating.  (August  198S) 
Huang-Tsang  Chang,  B.S.,  National  Taiwan  University; 

M.S..  Oklahoma  State  University 
Chairman  of  Advisory  Committee:  David  H.  Allen 

The  objective  of  this  dissertation  is  to  develop  a  solution  algorithm  capable  of 
predicting  transient  thermal/structural  response  of  viscoplastic  metallic  thin  plates 
exposed  to  hostile  thermal  loads.  In  the  second  chapter  of  this  dissertation,  the 
author  will  describe  the  general  background  of  the  problem  being  considered  in  this 
research.  By  assuming  one-way  coupled  thermal/structural  response,  a  solution 
approach  is  then  outlined  in  the  following  chapter.  In  chapter  four,  a  finite  element 
formulation  is  utilized  to  construct  the  solution  algorithm.  The  developed  code  is 
verified  with  several  simple  cases  in  chapter  five.  In  chapter  six  example  problems 
are  given  to  demonstrate  the  full  capabilities  of  the  model.  Finally,  suggestions  to 
improve  the  current  model  are  given  and  conclusions  are  drawn  from  this  research 
in  chapter  seven. 


65 


iii 


ABSTRACT 

APPLICATION  OF  CURRENT  UNIFIED  VISCOPLASTIC 
CONSTITUTIVE  MODELS  TO  HASTELLOY  X  AT 
ELEVATED  TEMPERATURES.  (August  1990) 

Lisa  Diane  McCrea,  B.S.,  Texas  A&M  University; 

M.S.,  Texas  A&M  University 
Chair  of  Advisory  Committee:  Dr.  David  H.  Allen 

The  unified  viscoplastic  constitutive  theories  of  Bodner-Partom  and 
Walker  were  investigated  to  determine  their  predictive  capabilities  using 
experimentally  obtained  data  on  Hastelloy  X,  at  1100  and  1700°F,  as  the 
basis  of  comparison.  Material  parameters  for  theses  models  were  obtained 
using  an  iterative  style  approach,  which  does  not  require  the  constants  to 
be  explicitly  evaluated,  as  is  traditionally  done.  Instead,  the  nonlinear 
form  of  the  constitutive  equations  are  numerically  integrated  using  physi¬ 
cal  incite,  as  well  as  knowledge  of  the  parameters,  until  acceptable  val¬ 
ues  are  obtained. 

Comparisons  to  experimental  data  revealed  that  the  constitutive 
theories  are  not  able  to  simultaneously  model  the  initial  and  fully  satu¬ 
rated  condition  of  a  material  which  has  undergone  a  considerable  amount  of 
cyclic  hardening.  In  addition,  a  power  law  based  strain  rate  equation  is 
shown  to  model  this  material  system  best  overall. 

The  iterative  method  for  determining  the  material  constants  is  shown 
to  be  a  viable  alternative,  proving  to  be  much  simpler  and  less  time  con¬ 
suming  than  previously  developed  procedures. 


APPENDIX 

INTERIM  TECHNICAL  REPORTS 
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Appendix  7.1 


Analysis  of  Coupling  and  Rate  Effects 
in  Viscoplastic  Plates 
Subjected  to  Rapid  Heating 
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ABSTRACT 

In  this  paper  the  governing  equations  of  motion  are  constructed  for  a  three  dimensional 
domain  which  is  composed  of  a  thermoviscoplastic  material  subjected  to  both  thermal  and 
mechanical  loading.  The  resulting  thermodynamic  and  mechanical  field  equations  are  two-way 
coupled  in  the  sense  that  the  deformations  are  temperature  dependent  and  vice  versa.  The  field 
equations  are  cast  into  a  well-posed  boundary  value  problem,  and  a  weak  variational  form  is 
constructed.  This  form  is  then  discretized  using  the  finite  element  method. 

Example  problems  are  solved  for  a  circular  plate  subjected  to  rapid  external  heating 
simulating  a  laser  input.  It  is  found  that  inertial  effects  cannot  be  neglected,  since  the  plate 
undergoes  vibrational  response.  However,  the  two-way  coupling  appears  to  be  a  second  order 
effect. 


Formulation  of  3-D,  axi-symmetric  equations  of  motion 
0.  Introduction 

In  this  report,  we  derive  the  governing  equations  for  a  three  dimensional  plate,  either  freely 
supported  or  clamped  (with  no  external  loads),  subjected  to  boundary  heating  by  a  laser 
focused  on  the  center  of  the  plate.  No  geometric  nonlinearities  are  included,  but  two-way 
coupling  between  thermal  and  mechanical  forces  are  allowed,  as  is  the  generation  of  heat 
by  inelastic  deformations. 

In  the  first  section,  we  derive  the  governing  equations.  In  the  second  section,  we  derive 
the  weak  formulation  of  the  system  of  partial  differential  equations.  In  the  third  section,  we 
derive  the  Galerkin  finite  element  method  (FEM)  for  this  problem.  In  section  4,  we  define 
various  coefficients  and  forces  for  the  problem. 


1.  Governing  equations 


We  consider  a  radially  symmetric  three  dimensional  plate.  We  examine  two  different 
boundary  conditions  -  freely  supported  with  no  external  loads  and  clampled,  with  no 
external  loads.  The  momentum  equations  are 


d2u 

'W 


d 2 


w 


dt 2 


d  1  1  d  ,  n 

_  O rr  "t“  O rr  &66  "b  a  ^rzl  — 

dr  r  r  oz  J 

(1.1) 

r  d  1  d  , 

“  -  °» 

(1.2) 

With  thermo-elastic  and  inelastic  coupling  therms,  the  thermal  equations  are  [1] 


pCt,—  -  kV2T  +  aa,,T  =  cr„ef, , 


(1.3) 


and  the  constitutive  relations  are  given  by  the  simplified  Bodner-Partom  constitutive 
model  [2] 

2n-i 


■  I  for.  uij  (  I  q2  |2nN 


(1.4) 


d2  =  m(Zi  -  a2)(7i}ert}  -  AXZX  (—  -  — )r, 

where  e{}  are  the  components  of  the  inelastic  strain,  and  o2  is  the  drag  stress.  We  have 
defined  dl}  =  |(£  on)f>ij  and  Wij\  = 

The  dependent  variables  are  u  —  the  radial  displacement,  w  —  the  vertical  displace¬ 
ment,  T  —  the  temperature,  and  e/;,  a2  —  the  internal  state  variables. 
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The  stress-strain  relations  are  given  by 


CrT  —  (A  +  2/x)  trr  +  A  (egg  +  ezz) 

o$e  —  (A  +  2fj.)eg#  +  A(e  rr  “f" 

& zz  ~  (A  +  2  fi) 

€zz  +  A(  6rr  +  tgg) 

aTZ  =  2/ieri 

and  the  strains  are  related  to  the  dependent  variables  by 

trr  =  ^  -  4r  ~  o{T  -  TR) 

tee  =  ~u  -  eg6  -  a(T  -  Tr) 
r 

-  «J,  -  “(T  -  Tr) 

1  ,du  dw .  ;  . 

€r2  “  2^ +  “ 6r*  “  a^r  ~  Tr) 

We  have  assumed  a  thermal  stress  tensor  a  which  is  isotropic. 

The  above  equations  are  the  fully  coupled,  axi-symmetric  equations  describing  the 
thermo-mechanically  induced  motion  of  a  circular  plate  subject  to  boundary  heating  at 
the  center  of  the  plate. 

In  the  next  section,  we  derive  the  weak  formulation  of  equations  (!.!)-( 1.4). 
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2.  Weak  formulation 


Multiplying  equation  (1.1)  by  a  test  function  <p  and  integrating  by  parts,  we  obtain 


dt2 


J  j  (ppurdrdz  +  J  J  rarr  +  ~ ~r(Trz  +  <j>cre$]drdz 


I 


(f>r  Grin  ids  =  0 


(2.1) 


Substituting  for  a  in  the  above  equation,  we  have 


<t>purdrdz  +  J  J  ^r(X  +  2p)^-drdz  +  J  J  +  ^)drdz  (2.2) 

+  //  Tzr^z+^)drd2  +  J  jW  +  ^  +  <t>^  +  ^)drdz  = 

J  J  ^r[2peIrr  +  (3\  +  2p)a(T-TR)]drdz  +  J  J  <f>[2pe!ee  +  (3A  +  2p)a(T  -  TR)]drdz+ 

J  J  ^r[  2peIrz  +  2pa(T  -  TR)\drdz 

where  we  have  used  the  fact  that  eji  =  0  and  consequently  ejt  =  0,  since  we  are  starting 
from  the  elastic  regime.  Note  that  the  right  hand  side  of  (2.2)  is  driven  by  two  competing 
effects  -  the  temperature  difference  T  —  Tr  and  the  inelastic  terms  ejj. 

From  equation  (1.2)  we  obtain 


dt 2 


J  J  (ppwrdrdz  +  J  J  [^rcrrz  +  ^razz]drdz  =  J  <pr<rzimds  —  0  (2.3) 

Substituting  for  a  in  the  above  equation,  we  have 


^JJ^rdrdz  +  JJ^z 


du  dw .  ,  , 
+  ~ )drdz 


(2.4) 


[[94>  dw  f  f  dip  du  u  ,  , 

+  J  J  aT(A  +  +  JJ  TzrKTr  +  r)irdZ  = 

J  J  |^r2,,[e;,  +  alT  -  TK)]drdz  +  J  J  |jr[2Me;,  +  (3A  +  2,<)a(T  -  Tr)]** 


Again,  note  that  the  right  hand  side  of  (2.4)  is  driven  by  two  competing  effects  -  the 
temperature  difference  T  —  Tr  and  the  inelastic  terms  ejj. 

Integrating  (1.3)  against  a  test  function  <p  we  get 


d_ 

dt 


4>pcvTrdrdz  + 


d<f>dT  ^difidT, 
d-r^  +  Tz^iriZ  = 


(2.5) 
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J  cf>Qds  +  J  J  (jxrue^rdrdz  —  j  J  <f>aduTrdrdz 


dT 

where  the  normal  flux  Q  =  k——  is  given  by  the  Boltzmann  Law 

on 


Q  =  Qin  +  o.C(Tt-Tt)  (2.6) 

where  Q j„  is  the  thermal  input  (on  the  boundary),  os  is  the  Boltzmann  constant,  and  e 
is  the  emissivity  of  the  surface.  The  heat  equation  (2.5)  is  driven  by  the  boundary  heat 
input  Q  (which  appears  as  a  forcing  term),  the  inelastic  heating,  and  the  thermo-elastic 
coupling  term. 


The  FEM  equations  for  u  are  fairly  singular  when  r  =  0.  Since  the  radial  displacement 
must  vanish  at  r  =  0  for  an  intact  plate,  we  define  a  new  variable  U  by  u  =  rU.  In  terms 
of  the  variables  17,  w  and  T  we  have 


&_ 
dt 2 


J  J  <j>pUr2drdz  +  J  J  ^r(\  +  2p)(U  +  r^)drdz  +  J  J  ^r\(U  +  ^-)drdz  (2.2') 

+  /  J  +  l^)drdz  +  J  j[^  +  ^)U  +  <t>KU  +  ^:)  +  ^~]drdz  = 

J  J  ^:r[2kL4r  +  +  2fx)a(T  -  TR)\drdz  +  [  J  <t>[2fiegg  +  (3A  +  2fi)a(T  -  TR)]drdz+ 

J  J  +  2Ma(r  -  TR)]drdz 

and 

wJJ <j>pwrdrdz  +  JJ  +  j£)drdz  (2.4') 

+  //  |lr(A  +  2"> JIdrd z  +  //  |lrA(r^  +  2U)drdz  = 

J  J%M4,+«(T-TR)]drdz  +  J  J  ^-r[2pe[z  +  (3A  +  2p)a(T  -  TR)]drdz 


and  (2.5). 


In  terms  of  U,  these  equations  no  longer  have  a  singularity  at  r  =  0. 
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3.  FEM  formulation 


To  solve  equations  (2.2’),  (2.4’),  and  (2.5),  we  approximate  the  unknowns  by 


i=N 


i=0 

i=N 


w  =  ^2  Wi{t)<j>i{r,z), 


and 


«=o 

i=N 


T=^T,(t)*,(V) 


i=0 


This  leads  to  the  set  of  ordinary  differential  equations  of  the  form 

A {l)U"  +  C (1)l/  =  F(1)  -  B 
A(2)w"  +  C(2)w  =  F(2)  -  B(2)17 

g(3 )j'i  _|_  q(3)  j  _  p(3) 

where  the  matrices  are  given  by: 

=  J  J  <j>ipr2<j>jdrdz 


A^2)  =  J  J  <f>ipr<f>jdrdz 


B 
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A  r-^-drdz  + 


lb 


A  ^p-drdz 
oz 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


B 


J  J  ~^~2Xr<^]drdz 


Hg>  =  J  J  <t>ipcvr<f>jdrdz 


'!j)=/  J  J^(X  +  2^r2^drdz  +  J  yr^(A  +  2//H;drdz  +  J  J  ^pr^drdz 
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+ 


/ /  ^,Ar  drdrdZ  +  II  r<j>jdrdz  +  j  j  d>{(2\  +  2p)<f>jdrdz 

co2)  =  II  + 1  I^t{x  +  ^>d-tdriz 


r  a-p-krd4l  + 

dr  dr  52  dz  J 


and  the  forcing  functions  by: 


F i(1)  =  J  J^T  [2/^rr  +  (3A  +  2/i)o(r  -  TR)]rdrd2+ 

JJ  ~^z  +  2/iQf(2n  ~  T/i)]rdrd2  +  J  J  <j>i[2peIgg  +  (3\  +  2p)a(T -TR)]drdz 

f!2)  =  J  J  ^2p[eIri  +  a(T-TR)]rdrdz  +  J  j  ^[2pe{z  +  (3\  +  2p)a(T  -  TR)\rdrdz 


and 


?/3)  =  J  J  <f>iQds  +  J  J  <f>i0jj€jjrdrdz  -  J  J  <t>,kd 


ikdjjTrdrdz 


We  note,  for  future  reference,  that  if  p,  cv ,  A,  p,  are  constant  in  time,  and  independent 
of  the  temperature  T  ,  then  the  system  of  differential  equations  (3.1)  have  constant  coef¬ 
ficients.  This  makes  the  solution  by  numerical  integration  very  efficient,  and  allows  one 
to  investigate  the  relative  importance  of  various  terms  in  the  equations  without  excessive 
computation. 


If  the  coefficients  change  rapidly  with  temperaure,  the  various  stiffness  matrices  must 
be  recomputed  (and  re-factored)  at  every  time  step,  which  is  very  time  consuming.  If  the 
coefficients  change  more  slowly,  one  must  still  periodically  recompute  and  re-factor  the 
matrix  coefficients. 

The  first  integral  in  F}  '  is  the  contribution  from  the  external  heating  on  the  boundary, 
the  second  integral  is  the  contribution  from  the  heating  due  to  inelastic  deformation,  and 
the  final  integral  contains  the  contribution  due  to  elastic  deformation. 

If  the  second  and  third  term  are  included,  we  call  the  model  two-way  coupled ,  otherwise 
it  is  one-way  coupled.  In  the  one-way  coupled  model,  the  temperature  can  be  computed 
independently  of  the  mechanical  deformations  of  the  material.  We  also  note  that  the 
second  contribution  is  always  positive,  that  is  inelastic  deformation  always  yields  heat. 

In  equation  (1.3),  we  have 

adtiT  =  o(3A  4-  2p)  ^  -  3aT]  T 
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Therefore  the  coefficient  of  the  ^  term  is 

pcv  —  3o2(3A  +  2  p)T. 

If  this  quantity  is  negative,  then  (1.3)  is  no  longer  a  well  posed  parabolic  equation.  This 
quantity  is  continously  monitored  in  the  numerical  computations. 


4.  Definitions  of  coefficients  (for  Computer  Program) 


In  order  to  compute  the  integrals  systematically,  we  define  the  following  coefficients: 
ci  =  pr  c2  =  pcvr  c3  =  (A  +  2  p)r 

c\  =  A  r  c5  =  pr  C6  =  (A  +  2  p) 

C7  =  A  eg  =  p  C(,  =  kr 

cio  =  1.0  cn  =  pr2  c\2  —  (A  +  2p)r2 

C13  =  M7"2  C14  =  Ar2  c]5  =  o(3A  +  2p)Tr 

Ci g  =  o(3A  +  2 p)Tr2  cn  =  o3(3A  +  2 p)Tr. 

The  flags  icoeff  are  defined  by: 

icoeff  =  1  for  expressions  of  the  form  f  f  <f>iF(f>j , 

icoeff  =  2  for  expressions  of  the  form  f  f 

icoeff  =  3  for  expressions  of  the  form  / /  <j>iF 

icoeff  =  4  for  expressions  of  the  form  J  f 

icoeff  =  5  for  expressions  of  the  form  f  f  F 

icoeff  =  6  for  expressions  of  the  form  f  J  F 

icoeff  =  7  for  expressions  of  the  form  J  J  ^  F 

icoeff  =  8  for  expressions  of  the  form  f  f  ^-F<fij, 

icoeff  =  9  for  expressions  of  the  form  f  f  ^ F<f>j . 

The  physical  paxamers  for  the  material  under  consideration  are 


-3 


ktherm  =4.133  x  10 

A  =  1.15  x  107  MPa 

p  —  4.9  x  106  MPa 

a  =  8.64  x  lO"6-^. 

cm 

P  =  8.221  x  103|§ 
cv  =  0.1 


kg  cal 


m  sec 


K 


K 
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£  =  1.0, 

tmpref  =  493.0,  and 
steff  =  3.3  x  10"15. 

The  constitutive  paramaters  are  given  representatively  by 
n  =  1 

Zx  =  2.03  x  103  MPa 
A\  =  6.5sec_1 
Z/  =  Z2  =  1.2  x  103  MPa 
r  =  0.98. 


5.  System  of  Equations 

The  formulation  in  sections  2  and  3  is  sufficient  to  compute  the  displacements  accurately; 
however,  computing  the  stresses  and  strains  (which  involve  gradients  of  the  displacements) 
near  the  origin  where  r  =  0  is  a  delicate  procedure.  As  an  alternative  method,  we  could 
write  the  system  in  terms  of  the  nine  dependent  variables  {u,  w,  T,  ^ } . 

With  Ul  =  *  =  u,  u2  =  §£,  u3  =  wi  =w,w2  =  &  w3  =  *»,  r,  =  r,  t2  =  f , 

T3  —  the  system  of  equations  can  be  written  as: 


J  J  <t>pr2Uidrdz  +  J  J  [^r(2A  +  2/i)  +  <^(2A  +  2p)\  uxdrdz  - 

—  J  J  ^-r2(\  +  2p)u2drdz  —  J  J  <f)\ru2drdz  —  J  J  ^-r2 fiu3drdz 
—  J J  ^-rfiw2drdz  —  J  J  [^rA  +  <t>X\w3drdz 

+  J J[(3\  +  2n)a(<j>  +  r^-)  +  2tiar^](Ti  -TR)drdz 


+ 


J  J  +  <f>2  n4e\drdz 


j  dA< 

dz‘ 

J  J  4>u2drdz  —  J  J  <j)—U\drdz 
J  J  <f>u3drdz  =  J  J  <j)-^-uidrdz 
J  J  4>prw\drdz  =  —  J  J  ~-2r\u\drdz  —  J  j  ^-r2 \u2drdz 


(5.1) 


(5.2) 

(5.3) 

(5.4) 
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4- 


—  J  J  ^r2 fj.u3d.rdz  —  J  J  ~^rfiW2drdz  —  J  J  ^r(A  +  2p)w3drdz 

+  JJ  [fj(3A  +  2fi)ar  +  ^2par](T,  -  TR)drdz 

+  J  J  +  4>^re[z\drdz 

J  J  (f>W2drdz  =  J J  (f>~wi  drdz 
J  J  4>w$drdz  =  J  J  <f>^-widrdz 

^  J J  <j>pcvrT\drdz  =  —  J  ~krT2drdz  —  J  J  ^-krT3drdz 
+  J  4>Qds  +  J  J  tftajjijjdrdz  —  J  J  4>a&jjT\rdrdz  = 

—  J J  ^ krT^drdz  —  J  J  ^-krT3drdz  +  J  4>Qds 
J  J  (fxjjjtjjdrdz  —  J J  <f>ra(3\  -f  2p)T\  [2tii  +  rii2  4-  W3  —  3aTi]drdz 
J  J  <$>T-idrdz  =  J 


// 


(5.5) 

(5.6) 

(5.7) 


4>T3drdz 


4>-~-Tidrdz 

or 

(5.8) 

Q 

(j>—Tidrdz 

OZ 

(5.9) 

This  leads  to  a  9  x  9  system  of  ordinary  equations 


A\  u"  +  —  —M\Ui2  —  M2U3  —  M3W2  —  M\W3  +  M$(T\  —  Tr) 


A3U2  —  A/6u1  4"  A3U\ 


A3U3  =  A/7U1 


AiW-f  —  —  A/9U2  —  M\qu3  —  M\\u>2  —  A/12ID3  +  M13(Ti  —  Tr  ) 

A3IV2  =  M19W1 
a3w3  =  A/2ouq 


A3T2  =  M\qTi 


A3T3  =  M2qT\ 


where 


A\  —  J  J  <f>ipr2  <j)jdrdz 

A2  =  J  J  -~r(2\  +  2p)cj)jdrdz  +  J  J  <f>i(2\  +  2p)4>jdrdz 
A3  =  J  J  (j>i<j>jdrdz 
A4  =  J  J  <t>ipr<f)jdrdz 
A5  =  J  J  (f>ipcvr(pjdrdz 

Mi  =  J  J  ~lj—r2(\  +  2  p)<f>jdrdz  +  II  (f)i\r<f>jdrdz 
M2  =  J  J  p<f>jdrdz 


Mi 


=  j  J  ^ rp<f>jdrdz 


M4  =  J  J  ^^-r\(f>jdrdz  +  II  <f>i\(f)jdrdz 

M3  =  J  J  +  2p)a<f)jdrdz  +  J  J  +  2p)ar<j>jdrdz  +  J J 

- il 
=!!*" 


M6 

Mi 


drdz 


94>j  ,  , 
>ir-—^-drdz 
dz 


M3  =  J  J  -~-2r\<j>jdrdz 
M3  =  J  J  ^j-r2 \<f>jdrdz 
Mm  ~  J  J  ~I^-r2  P'Pjdrdz 
Mn  =  J  J  ^-rp<j)jdrdz 


2par<f>jdrdz 
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Miz  = 


-//* 


Ml 2  =  J  J  ^-r(X  +  2 n)<i)jdrdz 
J  J  -—-(3X  +  2 fi)ar<j>jdrdz  +  J  J  2^iar(f>jdrdz 

-~-kr<f>jdrdz 
Or 

M15  =  J  J  ~^-kr<f>jdrdz 
Mie  =  J  J  +  2fi)raTi4>jdrdz 
Mn  —  J  J  +  2/j,)r2  aTi<f>jdrdz 


M18 


<56, (3A  +  2(j.)3a2T\<f>jdrdz 


M19  =  J  J  <j>i^-drdz 
M2o  ~  J  J  <t>i~j!^drdz 
M21  =JJ  ^kr^dr dz 

M„  =  J  J^kr^drdz 


This  was  in  fact  coded  up,  but  did  not  give  satisfactory  results. 


6.  Alternate  First  Order  System  of  Equations 

With  the  substitutions  u\  =  U  =  u/r  u2  =  u3  =  u4  =  ^ul5  u5  =  w, 

U6  =  117  =  u8  =  Off,  and  ug  =  T,  this  leads  to  a  slightly  different  9x9  system  of 

ordinary  equations. 

u\  =  u2 

=  —  A2U\  —  M\U3  —  M2U±  —  A/3U7  —  MiUg  -f-  A/s(t£9  —  T/{) 

A3u'3  =  M19U2 
A3u\  =  M20U2 

u5  =  u6 

-A4tt6  =  —M%u\  —  A/9 1x3  —  A/10  ui  —  A/11U7  —  M\2u8  +  A/i  3(1x9  —  T/j) 

A3u'7  =  A/19U5 

^3^8  =  A/20U5 

Asu'q  4-  A/2j 1x9  4~  A/22U9  =  Q  —  2A/jgU]  —  A/17U3  —  4- 

Although  mathematically  interesting,  we  were  not  able  to  numerically  implement  this 
effectively  either. 
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Case  I.  The  laser  input  was  given  by  a  step  function,  with  Q  =  Qmaz  =  2.5  x  104  Btu/m2, 
duration  0.020  sec,  and  a  radius  of  2.0  cm.  The  equations  were  integrated  with  6t  =  0.5, 
At  =  0.0001,  NJTER=4,  with  condensing  and  smoothing  flags  on.  No  thermo-elastic  or 
inelastic  heating  effects  were  included. 

The  graph  below  is  that  of  of  the  horizontal  deflection  u(rmax,  zmax, /),  where  the 
horizontal  deflection  reaches  its  maximum. 
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Note  that  a  characterstic  frequence  of  142.5  cycles/sec  is  present  in  the  radial  direction, 
whereas  a  much  slow  vertical  oscillation  is  induced  (see  the  next  figure). 


The  following  is  a  graph  of  the  vertical  deflection  u;(0,  zmax,<)  at  the  point  where  the 
laser  is  impinging. 


On  the  same  scale,  we  have 


The  r-coordinates  axe  given  by 

{O.OOe  - 2, 0.02e  -  2, 0.05e  - 2, 0.lOe  - 2, 0.20e  - 2, 0.50e  - 2,  l.OOe  -  2, 2.00e  - 2, 4.00e 
2, 7.00e  —  2,  lO.OOe  —  2} 
and  the  z-coordinates  by 

{O.OOe  -  3, 0.20e  -  3, 0.40e  -  3, 0.60e  -  3, 0.70e  -  3, 0.80e  -  3, 0.90e  -  3,  l.OOe  -  3}. 


Case  II.  The  laser  input  was  given  by  a  step  function,  with  Q  =  Qmax  =  2.5  x  104  Btu/m2, 
duration  0.020  sec,  and  a  radius  of  2.0  cm.  The  equations  were  integrated  with  —  0.5, 
At  =  0.00002,  NJTER=4,  with  condensing  and  smoothing  flags  on.  No  thermo-elastic  or 
inelastic  heating  effects  were  included. 

The  graph  below  is  that  of  of  the  horizontal  deflection  u(rmax,  zmax,  t),  where  the 
horizontal  deflection  reaches  its  maximum. 
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Note  that  a  characterstic  frequence  of  150  cycles/sec  is  present  in  the  radial  direction, 
whereas  a  much  slow  vertical  oscillation  is  induced  (see  the  next  figure). 


The  following  i 
laser  is  impinging. 


a  graph  of  the  vertical  deflection  tu(0,  zmax,  t)  at  the  point  where  the 
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On  the  same  scale,  we  have 


The  r-coordinates  are  given  by 

{O.OOe  -  2, 0.02e  -  2, 0.05e  -  2, 0.lOe  - 2, 0.20e  -  2, 0.50e  -  2,  l.OOe  - 2, 2.00e  - 2 
2, 7.00e  —  2,  lO.OOe  —  2} 
and  the  z-coordinates  by 

{O.OOe  -  3, 0.20e  -  3, 0.40e  -  3, 0.60e  -  3, 0.70e  -  3, 0.SOe  -  3, 0.90e  -  3,  l.OOe 


,4.00e 

-3}. 


Case  III.  The  laser  input  was  given  by  a  step  function,  with  Q  =  Qmax  =  2.5  x  104 
Btu/m2,  duration  0.020  sec,  and  a  radius  of  2.0  cm.  The  equations  were  integrated  with 
9i  =  0.5,  A t  =  0.0001,  N_ITER=4,  with  condensing  and  smoothing  flags  on.  No  thermo¬ 
elastic  or  inelastic  heating  effects  were  included. 

The  graph  below  is  that  of  of  the  horizontal  deflection  u(rmax,zmax,<),  where  the 
horizontal  deflection  reaches  its  maximum. 

Note  that  a  characterstic  frequence  of  approximately  140  cycles/sec  is  present  in  the 
radial  direction,  whereas  a  much  slow  vertical  oscillation  is  induced  (see  the  next  figure). 


The  following  is  a  graph  of  the  vertical  deflection  u>(0,  zmax,  t)  at  the  point  where  the 
laser  is  impinging. 


On  the  same  scale,  we  have 
The  r-coordinates  are  given  by  a  finer  grid 

{O.OOe  — 2,0.01e  — 2,0.02e  — 2, 0.035e  — 2, 0.05e  — 2, 0.lOe  — 2, 0.15e  — 2, 0.20e  — 2, 0.50e 
2,  l.OOe  -  2, 2.00e  -  2, 4.00e  -  2, 7.00e  -  2,  lO.OOe  -  2} 
and  the  z-coordinates  by  a  finer  grid 

{O.OOe  -  3, 0.05e  -  3, 0.lOe  -  3, 0.20e  -  3, 0.30e  -  3, 0.40e  -  3, 0.60e  -  3, 0.70e  -  3, 0.SOe 
3, 0.90e  —  3,  l.OOe  —  3}. 
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Case  IV.  The  laser  input  was  given  by  a  step  function,  with  Q  =  Qmax  =  2.5  x  104 
Btu/m2,  duration  0.020  sec,  and  a  radius  of  2.0  cm.  The  equations  were  integrated  with 
9X  =  0.5,  A t  =  0.00002,  N_ITER=4,  with  condensing  and  smoothing  flags  on.  No  thermo¬ 
elastic  or  inelastic  heating  effects  were  included. 

The  graph  below  is  that  of  of  the  horizontal  deflection  u(rmax,  zmax,  t),  where  the 
horizontal  deflection  reaches  its  maximum. 


Note  that  a  characterstic  frequence  of  150  cycles/sec  is  present  in  the  radial  direction, 
whereas  a  much  slow  vertical  oscillation  is  induced  (see  the  next  figure). 


On  the  same  scale,  we  have 


The  r-coordinates  are  given  by  a  finer  grid 

{O.OOe  — 2,  Q.01e-2,0.02e-2,0.035e  — 2, 0.05e  — 2,0.10e  — 2,0.15e  — 2,0.20e  — 2, 0.50e  — 
2,  l.OOe  -  2, 2.00e  -  2, 4.00e  -  2,  7.00e  -  2,  lO.OOe  -  2} 
and  the  z-coordinates  by  a  finer  grid 

{O.OOe  -  3, 0.05e  -  3, 0.lOe  -  3, 0.20e  -  3, 0.30e  -  3, 0.40e  -  3, 0.60e  -  3, 0.70e  -  3, O.SOe  - 
3, 0.90e  —  3,  l.OOe  —  3}. 


Case  V.  The  laser  input  was  given  by  a  step  function,  with  Q  =  Qmaz  =  2.5  x  104  Btu /m2 , 
duration  0.020  sec,  and  a  radius  of  2.0  cm.  The  equations  were  integrated  with  =  0.5, 
A t  =  0.0001,  N_ITER=4,  with  condensing  and  smoothing  flags  on.  No  thermo-elastic  or 
inelastic  heating  effects  were  included. 

The  graph  below  is  that  of  of  the  horizontal  deflection  u(rmax,  zmax,t),  where  the 
horizontal  deflection  reaches  its  maximum. 

Note  that  a  characterstic  frequence  of  approximately  120-140  cycles/sec  is  present 
in  the  radial  direction,  whereas  a  much  slow  vertical  oscillation  is  induced  (see  the  next 
figure). 


The  following  is  a  graph  of  the  vertical  deflection  w( 0,  zmax,  t )  at  the  point  where  the 
laser  is  impinging. 


On  the  same  scale,  we  have 
The  r-coordinates  are  given  by 

{O.OOe  -  2, 0.Ole  -  2, 0.02e  -  2, 0.03e  -  2, 0.04e  -  2, 0.06e  -  2, 0.lOe  -  2, 0.15e  -  2, 0.20e  - 
2, 0.30e  -  2, 0.60e  -  2,  l.OOe  -  2, 2.00e  -  2, 4.00e  -  2, 6.00e  -  2, 8.00e  -  2,  lO.OOe  -  2} 
and  the  z-coordinates  by 

{O.OOe  -  3, 0.02e  -  4, 0.04e  -  3, 0.07e  -  3, 0.lOe  -  3, 0.15e  -  3, 0.20e  -  3, 0.30e  -  3, 0.40e  - 
3, 0.60e  -  3, 0.70e  -  3, 0.SOe  -  3, 0.90e  -  3,  l.OOe  -  3,  }. 


Case  VI.  The  laser  input  was  given  by  a  step  function,  with  Q  =  Qmax  =  2.5  x  104 
Btu/m2,  duration  0.020  sec,  and  a  radius  of  2.0  cm.  The  equations  were  integrated  with 
6i  =  0.5,  At  =  0.00002,  N  JTER=4,  with  condensing  and  smoothing  flags  on.  No  thermo- 
elastic  or  inelastic  heating  effects  were  included. 

The  graph  below  is  that  of  of  the  horizontal  deflection  u(rmax,zmax,f),  where  the 
horizontal  deflection  reaches  its  maximum. 

Note  that  a  characterstic  frequence  of  150  cycles/sec  is  present  in  the  radial  direction, 
whereas  a  much  slow  vertical  oscillation  is  induced  (see  the  next  figure). 


The  following  is  a  graph  of  the  vertical  deflection  w(0,  zmax,  t)  at  the  point  where  the 
laser  is  impinging. 


On  the  same  scale,  we  have 
The  r-coordinates  are  given  by 

{O.OOe  -  2, 0.Ole  -  2, 0.02e  -  2, 0.03e  -  2, 0.04e  -2, 0.06e  -  2, 0.lOe  -  2, 0.15e  -  2, 0.20e  - 
2, 0.30e  -  2, 0.60e  -  2,  l.OOe  -  2, 2.00e  -  2, 4.00e  -  2, 6.00e  -  2, 8.00e  -  2,  lO.OOe  -  2} 
and  the  z- coordinates  by 

{O.OOe  -  3, 0.02e  -  4, 0.04e  -  3, 0.07e  -  3, 0.lOe  -  3, 0.15e  -  3, 0.20e  -  3, 0.30e  -  3, 0.40e  - 
3, 0.60e  -  3,0.70e  -  3,0.80e  -  3,0.90e  -  3,  l.OOe  -  3, }. 


Numerical  Simulations 


The  following  numerical  simulations  were  run  to  test  the  code’s  sensitivity  to  mesh 
size,  time  step,  one-way  versus  two-way  coupling,  elastic  and  inelastic  heating,  and  various 
types  of  heat  inputs. 

Comparison  of  Various  Effects: 

In  this  section,  we  analyze  the  effect  of  including  various  terms  in  the  mathematical  model. 
First,  if  we  neglect  the  inelastic  terms  in  the  momentum  equations  we  are  solving  a  pure 
thermo-elastic  model.  As  an  input,  we  have  a  step  function,  magnitude  2.5  x  104  for  20 
msec  duration.  After  it  stops  the  plate  oscillates  with  a  frequency  of  about  20  hz.  If  we 
include  the  inelastic  terms  in  the  momentum  equations,  one  can  see  that  the  out  of  plane 
displacment  is  correspondingly  less,  due  to  the  damping  of  the  inelastic  terms.  The  region 
of  plasticity  is  small  enough  that  the  behavior  is  predominantly  that  of  a  thermo-elastic 
plate  under  an  impulsive  heat  sourse,  with  a  small  amount  of  damping  due  to  inelasticity. 
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Next,  we  change  the  input  to  correspond  to  a  ramp  function  which  is  linear  for  20 
msec,  then  constant  (2.5  x  104)  till  100  msec,  and  then  abruptly  turns  off.  From  the 
graph  on  the  next  page,  one  can  see  that  a  slowly  varying  oscillation  is  induced  about  the 
displacement  which  arises  from  a  constant  temperature  source.  Turning  off  the  impulsive 
heating  then  gives  rise  to  noisy  oscillation  which  is  then  damped  out.  Asymptotically,  the 
motion  is  damped  oscillation  about  a  displaced  equilibrium  state. 
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Finally,  we  have  incorporated  the  inelastic  terms  in  the  momentum  equations,  and 
tested  the  inclusion  of  the  thermo-elastic  and  inelastic  heating  terms  in  the  heat  equation. 
This  gives  rise  to  the  figure  on  the  next  page.  The  results  are  virtually  indistinguishable. 
Numerical  instability  set  in  at  the  end  of  the  run,  due  to  small  oscillations  in  the  stress 
levels  reaching  a  certain  amplitude.  When  the  inelastic  stresses  and  the  thermal  stresses 
are  of  the  same  magnitude  with  the  resultant  stress,  the  numerical  codes  become  very 
sensitive  to  slight  integration  errors.  This  appears  to  be  an  intrinsic  difficulty  with  initial 
value  methods  for  integrating  the  dynamic  plasticity  equations. 
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Summary: 


The  following  is  a  summary  of  the  results  which  we  have  observed  after  solving  the  three- 
dimensional,  axi-symmetric,  fully  coupled,  thermo- viscoplastic  equations  for  a  laser  heated 
thin  plate. 

1.  If  the  heat  impulse  is  of  sufficiently  short  duration,  and  very  localized  near  the  center 
of  the  plate,  the  fundamental  response  is  that  of  an  elastic  plate  under  a  point  load. 
This  is  true  under  both  stress-free  and  clamped  boundary  conditions. 

2.  If  the  heat  impulse  is  ramped,  a  slow  oscillation  about  a  buckled  state  (which  would 
be  given  by  constant  thermal  input)  is  observed.  After  the  heat  source  is  turned  off, 
a  complicated  return  to  a  permanently  deformed  state  is  observed. 

3.  The  inclusion  of  inelastic  effects  in  the  momentum  equations  accounts  for  about  a 
5-10%  change  in  out  of  plane  displacements. 

4.  The  inclusion  of  inelastic  two-way  effects  affects  the  out  of  plane  displacements  very 
little  (less  than  2%  observed  change). 

5.  Relatively  large  grids  may  be  used  away  from  the  boundary  thermal  input.  The  time 
step  limitations  is  primarily  due  to  the  rapid  thermal  heating  characteristic  time. 

6.  The  following  appears  to  be  the  approximate  ranking  of  effects  in  the  boundary  heated, 
no  external  loading,  axi-symmetric  plate  problem: 

a)  Boundary  heating,  temperature  response  can  approach  1000  degress  Ivelvin/sec 
or  more.  The  induced  thermal  stresses  and  strains. 

b)  Inelastic  corrections  to  the  deformations,  and  the  resultant  change  in  stress. 

c)  Two-way  thermo-elastic  coupling. 

d)  Two-way  thermo-inelastic  coupling.  This  effect  is  extremely  localized. 
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Conclusions: 


The  use  of  a  finite  element  code  to  solve  the  initial  value  problem  describing  the  mechanical 
response  of  a  thermal-input  driven  axi-symmetric  plate  appears  to  yield  reasonable  short 
term  response.  If  the  duration  of  heat  input  is  the  characteristic  time,  then  the  finite 
element  code  could  predict  reasonable  results  up  to  10  or  20  characteristic  time  intervals. 

The  simulator  can  distinguish  between  elastic  and  inelastic  effects,  as  well  as  one-way 
versus  two-way  coupling  in  the  initial  stages  of  nonlinear  thermal-mechanical  response. 

The  dominant  effect  is  that  of  thermo-elastic  oscillation  under  impulsive  loading,  with 
secondary  (permanent)  inelastic  deformations  and  damping,  with  tertiary  thermal  input 
corrections  due  to  two-way  elastic  and  inelastic  coupling. 

Long  time  integration  of  the  equations  (on  the  order  of  10,000  or  more  time  steps) 
did  not  appear  reliable  with  the  current  code.  Even  though  implicit  predictor-corrector 
and  stiff  integrators  were  used  throughout,  the  accumulated  error  in  the  stress-strain  pre¬ 
dictions,  and  the  sensitivity  of  the  constitutive  laws  to  errors  in  maximum  stress,  lead  to 
innaccurate  asymptotic  behavior.  Constraining  the  inelastic  behavior  to  lie  on  the  correct 
energy  surface  was  difficult  to  impose  with  the  initial-boundary  value  finite  element  model. 

Large  residual  stresses,  due  to  permanent  inelastic  deformation,  also  limit  the  time 
step-size,  even  after  the  plate  has  ceased  to  be  thermally  excited. 
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Appendix  7.2 

A  Model  for  Predicting 
the  Effective  Elastic  Properties 
of  Randomly  Oriented  Fiber  Composites 
Subjected  to  Hot  Pressing,  Extrusion,  and  Rolling 


A  MODEL  FOR  PREDICTING  THE  EFFECTIVE  ELASTIC  PROPERTIES  OF 
RANDOMLY  ORIENTED  FIBER  COMPOSITES  SUBJECTED  TO 
HOT  PRESSING,  EXTRUSION,  AND  ROLLING 

Jong-Von  Lee*  and  David  H.  Allen** 

Aerospace  Engineering  Department 
Texas  A AM  University,  College  Station,  Texas 


Abstract 

The  present  paper  develops  analytical  solutions 
for  predicting  the  effects  of  hot  pressing,  extru¬ 
sion,  and  rolling  on  the  elastic  properties  of 
.  composite  materials  reinforced  by  either  continu¬ 
ous  or  discontinuous  randomly  oriented  fibers.  The 
bounded  orientation  of  fibers  in  the  matrix  mate¬ 
rial  is  explicitly  expressed  in  terms  of  manufac¬ 
turing  parameters.  These  manufacturing  parameters 
account  for  hot  pressing,  extrusion,  and  rolling 
of  an  initially  isotropic  composite  with  randomly 
oriented  fibers  prior  to  the  above  material  form¬ 
ing  processes.  The  effective  elastic  properties 
after  material  forming  are  given  as  functions  of 
material  forming  parameters  representing  dimen¬ 
sional  change  during  manufacturing  and  the  five 
independent  elastic  constants  for  a  perfectly 
aligned  fiber  composite.  Finally,  the  present 
model  predictions  are  compared  with  other  theoret¬ 
ical  models  and  experimental  data. 


j  Nomenclature 

a^j  direction  cosines 

cijkl  stiffness  tensor  for  an  aligned  fiber 

composite 

t 

^ijkl  stiffness  tensor  in  the  spherical  coordi¬ 
nates  of  an  aligned  fiber  composite 

i  _ 

|  stiffness  tensor  after  material  forming 

where  i,  j,  k,  1-1,  2,  3 

Cjj  stiffness  tensor  in  contracted  Voigt 

notation  where  i,  j  -  1,  2,  ...,6 


Da 

»b 

E 

F 

f 

G 

M 

Sijkl 

ca 

*b 

li  i 

-ijkl 

"ij 


diameter  after  extrusion 
diameter  before  extrusion 
Young’s  Modulus 
fiber 

fiber  volume  fraction 
shear  modulus 
matrix 

Eshelby’s  tensor 

thickness  after  hot  pressing  or  rolling 

thickness  before  hot  pressing  or  rolling 

strain  tensor 

quasi-stiffness  tensor 

stress  tensor 

Poisson's  ratio 
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I.  Introduction 


A  number  of  models  have  been  proposed  for  pre¬ 
dicting  the  effective  elastic  properties  of 
aligned  or  randomly  oriented  fiber  composites.^-'® 
The  equivalent  inclusion  method  utilized  by  Taya 
and  Chow^,  and  Taya  and  Mura®  provides  a  straight¬ 
forward  tool  for  estimating  the  effective  Young's 
modulus  of  a  composite  reinforced  by  either  conti¬ 
nuous  or  discontinuous  fibers.  Hashin  and  Rosen's 
method®  may  be  utilized  to  estimate  all  elastic 
properties  of  aligned  fiber  composites.  The  effec¬ 
tive  elastic  properties  have  been  calculated  for 
two  or  three  dimensionally  random  fiber  orienta¬ 
tion®"®  and  bounded  fiber  orientation  in  a  two 
dimensional  domain®  utilizing  simple  integration 
schemes.  However,  these  models  are  not  directly 
applicable  to  a  composite  experiencing  certain 
types  of  material  forming  because  forming  pro¬ 
cesses  induce  oriented  fiber  distribution. 

A  systematic  procedure  has  not  previously  been 
developed  to  model  an  arbitrarily  bounded  random 
orientation  of  fibers  caused  by  material  forming. 
The  authors  thus  propose  herein  a  relatively 
simple  mathematical/graphical  model  for  determin¬ 
ing  the  influence  of  bounded  random  orientation  of 
fibers  on  the  effective  elastic  moduli  of  continu¬ 
ous/discontinuous  fiber  reinforced  composites. 


II.  Model  Formulation 

Consider  a  single  representative  volume  element 
of  a  composite  material  reinforced  by  continuous 
or  discontinuous  fibers,  as  illustrated  in  Figs. 
1-a  and  1-b,  respectively. 


(a) 


fiber  matrix 


fiber  matrix 


Fig.  1  Representative  volume  elements 

(a)  Continuous  fiber  element 

(b)  Discontinuous  fiber  element 
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It  it  clear  Chat  the  above  volume  elements  are 
transversely  isotropic,  thus  five  Independent 
elastic  oodull  should  be  determined  theoretically 
or  experimentally  for  both  cases.  Since  it  is  very 
cumbersome  to  solve  an  exact  boundary  value  prob¬ 
lem  associated  with  the  double  cylinder  model 
shown  in  Fig.  1-b,  the  authors  utilize  the  equiva¬ 
lent  inclusion  method  proposed  by  Taya,  et  al.^*“ 
For  a  continuous  fiber  composite,  a  number  of  the¬ 
oretical  solution  schemes  have  been  investigated 
for  determining  the  five  independent  elastic  mod¬ 
uli  of  the  transversely  isotropic  volume  ele- 
ment . ^ ^  When  the  fiber  length  is  very  large 
compared  to  the  fiber  diameter,  these  solution 
schemes  may  be  applied  to  a  composite  even  with 
discontinuous  fibers. 

For  convenience,  the  composite  elastic  moduli  of 
the  volume  element  are  assumed  to  be  known.  In 
matrix  form,  they  can  be  written  as 


"n 

"22 

"33 

C^2  Cj.2  0  00 

C12  C22  C23  0  00 

Cl2  ^23  ^22  0  00 

4 

‘11 

‘22 

‘33 
.  .  .  .S 

"23 

000  (C22’C23)  0  0 

‘23 

"31 

0  0  0  0  2C66  0 

‘31 

."12, 

0  0  0  0  0  2C66 

‘12 

If  a  composite  is  initially  isotropic,  the  rein¬ 
forcing  fibers  do  not  have  a  preferred  orienta¬ 
tion.  The  probability  density  distribution  for 
fiber  orientation  may  be  represented  by  a  sphere 
in  the  three  dimensional  case.  In  the  case  where 
the  fibers  are  distributed  randomly  in  a  single 
plane,  the  sphere  degenerates  to  a  circle.  The 
degree  of  randomness  of  the  volume  element  can  be 
mathematically  formulated  for  an  initially  iso¬ 
tropic  short  fiber  composite  after  certain  types 
of  permanent  deformation,  such  as  hot  pressing, 
extrusion,  or  rolling.  When  the  composite  is  sub¬ 
jected  to  hot  pressing  or  extrusion,  the  material 
:becomes  transversely  isotropic.  For  example,  a 
cube  becomes  a  square  plate  or  a  cylinder  becomes 
!a  circular  disc,  and  vice  versa.  For  an  arbitrary 
thickness  change  and  diameter  change  due  to  hot 
pressing  and  extrusion,  respectively,  an  initially 
isotropic  composite  becomes  transversely  isotropic 
under  a  transversely  isotropic  forming  process  as 
illustrated  in  Figs.  2-a  and  2-b.  Alternatively,  a 
forming  process  such  as  rolling  causes  orthotropic 
reorientation  of  fibers,  in  which  one  of  the 
dimensional  changes  is  negligibly  small  as  shown 
in  Fig.  2-c . 

The  present  approach  requires  three  assumptions: 

1.  Although  the  fibers  after  each  of  the  mate¬ 
rial  forming  processes  mentioned  above  may  not  be 
evenly  distributed  within  the  subdomain  illus¬ 
trated  in  Fig.  2,  the  fiber  distribution  density 

'is  assumed  to  be  spatially  homogeneous  for  mathe¬ 
matical  simplicity. 

2.  The  material  forming  processes  mentioned 
herein  are  possible  only  through  the  plastic 
deformation  of  the  matrix  material.  Plastic  strain 
may  not  be  spatially  homogeneous  in  the  matrix 
material  due  to  stress  concentrations  near  the 
reinforcing  fibers.  Also,  it  is  well  known  that 
even  an  isotropic  homogeneous  material  becomes 
transversely  isotropic  or  orthotropic  after  the 


subject  forming  processes.  This  plasticity  effect 
is  neglected  in  the  present  study. 

3.  The  material  forming  processes  mentioned 
above  may  cause  defects,  such  as  broken  fibers, 
fiber  matrix  debonding,  etc.  Furthermore,  micro- 
voids  cannot  be  completely  removed  from  the  com¬ 
posite.  The  present  study  assumes  a  defect-free 
composite . 


Fig.  2  Fiber  reorientation  due  to  forming 

(a)  Hot  pressing 

(b)  Extrusion 

(c)  Rolling 


II-l.  Has  Pressing 

The  composite  stiffnesses  after  reorientation  of 
each  volume  element  due  to  hot  pressing  depend  on 
the  ratio  of  virgin  material  thickness  to  formed 
thickness.  From  Fig.  2-a, 


'-a 

sin  -  -  -  {  (2) 

cb 

Thus,  the  stiffness  components  after  hot  pressing 
are  given  by 


-ijkl 


ir/2 


2*  sin ^ 

where 

cijkl  “  aip  ajq  akr  als  cpqrs 


cijkl  sin^  d0  d^  (3) 
0  'e/2  -vt 


W 


2 


(11) 


As  shovn  in  Fie.  3,  ths  direction  cosines,  iii,  — 

cen  be  defined  es  J  C66  "  <CU-C12)/2 


Fig.  3  Direction  cosines 


Substituting  (4)  and  (5)  into  (3)  gives  the  five 
independent  elastic  constants  after  hot  pressing 
in  terns  of  the  thickness  ratio  and  the  elastic 
constants  of  a  perfectly  aligned  fiber  composite. 
Thus , 

Cll  -  c22 

-  Cn(3/8  -  (2/4  +  3(4/40) 

+  C22(3/8  +  f2/12  +  3(4/40) 

+  C12(l/4  +  {2/6  •  3(4/20) 

+  C66(l/2  +  f2/3  -  3{4/10)  (6) 


When  the  hot  pressing  ratio,  (,  is  tero,  the 
transversely  isotropic  material  properties  studied 
by  Berthelot®  are  recovered  as  listed  below. 

C11 

-  c22 

-  3(Cu+C22)/8  +  (Ci2  +  2C66)/4 

(12) 

D33 

-  c22 

(13) 

C12 

-  (Cn+C22-4Cgg)/8  +  3C32/4 

(14) 

^13 

-  C23  (C^2+C23)/2 

(15) 

C44 

-  C55  -  (C22-C23+2Cgg)/4 

(16) 

^66 

-  (Ch-C32)/2 

(17) 

-  (cll+c22‘2Ci2+4Cgg)/8 

Christensen4  also  predicted  3-D  isotropic  and 
transversely  isotropic  material  properties  of  a 
composite  with  randomly  oriented  continuous  fib¬ 
ers.  By  setting  changes  in  dimensions  to  zero,  i. 
e.  {  -  1,  the  present  approach  simplifies  to  the 
3-D  isotropic  material  properties  predicted  by 
Christensen  listed  below. 


C11  “ 

(3Cn+4C32+8C22+8C6g)/15 

(18) 

C12  - 

(C11+8C12+C22‘4C66+3C23^/3^ 

(19) 

c33  “  c11*4/5  +  C22(l  -2{2/3  +  {4/5) 

,  .  <2) 

+  (C12+2C66)(2{2/3  -  2{4/5) 

Ci2  -  (Cu+C22-4C66)(l/8  -  {2/12  +  (4/40) 

(8) 

+  C23{2/3  +  C12(3/4  -  {2/6  -  {4/20) 

.  C13  -  C23 

-  (CU+C22-4C66)({2/6  -  {4/10) 

+  C12(l/2  -  {2/6  +  {4/5) 

2  <9) 

+  C23(l/2  -  {2/6) 

^44  “  C55 

-  (Cu-2C12)({2/6  -  {4/10) 

+  C22(l/4  +  {2/12  -  {4/10) 

-  C23(l/4  -  {2/12) 

+  C66(l/2  -  (2/2  +  2(4/5)  (10) 


From  Fig.  2-b,  the  stiffness  components  after 
extrusion  are  giver,  by 


1 

cijkl - 

*(l-sind) 


Da 

cos*  -  —  ,  sind  -  f  (21) 

Db 


Thus,  the  effective  elastic  properties  after 
extrusion  are  given  by 


C11  "  c22 

-  Cn(8-7r-7f2+3f3+3f4)/40 
+  C22(64+19f+19f2+9f3+9f4)/120 
+  (Ci2+2C66)(16+r+r2-9f3-9f4)/60 


*  -*/2  -t 


cijk 

•'A  *  A 


iJkl  sin#  dtf  dd  (20) 
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c33  -  cu(i+f+r2+f3+r4)/s 
+  c22a-r)2(8+9f+3r2)/i5 
♦  (2C12+4Cgg) (1-f ) (2+4f+6f 2+3f3)/15 


c33  "  cll/5  +  (4C12+8C66)/15  +  8C22/15 

C12  -  (Cn-fC22-4C66)(l  -  sin4^/4^)/15 

+  C23/3  +  C12(8  +  sin4tf/2tf)/15 


(31) 

(32) 


C12  -  (Cu+C22-4C66)(8-7f-7f2+3f3+3f4)/120 

-  C12(-32+13j-+13f2+3f3+3f4)/60  (24) 

+  C23(l+f+f2)/3 

C13  -  C23 

-  (Cn+C22-4C66)(2+2f+2r2-3f3-3f4)/30 

+  C23 (2-f -f 2)/6 

(25) 

+  C12(16+f+f2+6f  3+6f4^30 

G44  “  C55 

“  (CU-2C12)(2+2r+2f2-3r3-3r4)/30 

-  C23 (2-f -f 2)/12 

+  C22(14-f -f2-6f3-6f4)/60 

(26) 

-  Cgg ( -4+f +f 2 -4f 3-4f 4)/l0 


c13 

-  (CU+C22-4C66)(1  ±  sin2^/2^)/15 

C23  (33) 

+  C23(l  T  sin2^/2^)/3 

+  C12(8  ±  3sin2>i/2^)/15 

G44 

-  (Cu-2C12)(1  T  sin2vt/2vi)/15 
c55 

-  C23(l  ±  sin20/2^)/6 

+  C22(7  ±  3sin2^/2^)/30  (34) 

+  C66(2  T  sin2^/6V>)/5 


C66  “  (CU-2C12)(1  -  sin4tf/4,(>)/15 

-  C23/6  +  C22(7  -  sin4V>/2\t)/30 
+  C66(2  +  sin4v!,/3^)/5 


(35) 


III.  Aligned  Short  Fiber  Composite 


c66  "  g12  “  (Ch+C12)/2  (27) 


11-3.  Rolling 

* 

1  In  the  case  of  rolling,  the  fiber  reorientation 
kinematics  are  slightly  different  from  the  above 
cases.  Since  the  thickness  change  is  much  greater 
than  the  width  change,  the  width  change  may  be 
assumed  to  be  negligible.  From  Fig.  2-c,  the 
effective  stiffness  components  and  thickness  ratio 
after  rolling  are  then  given  by 


As  mentioned  earlier,  the  five  independent  elas¬ 
tic  constants  of  a  perfectly  aligned  fiber  compos¬ 
ite  must  be  known  prior  to  the  forming  process. 
The  shape  of  reinforcing  short  fibers  or  whiskers 
has  been  frequently  assumed  by  a  number  of 
researchers7’®  to  be  a  prolate  spheroid.  This 
approach  is  known  as  the  equivalent  inclusion 
method  from  which  all  elastic  constants  of  a  com¬ 
posite  reinforced  by  aligned  inclusions  can  be 
estimated  either  analytically  or  numerically.  The 
effective  compliances  of  an  aligned  short  fiber 
composite,  or  those  of  the  representative  volume 
element  shown  in  Fig.  1-b  are  given  by 


cijkl  “  — 


1 

4  V*  J 


Gijkl  sinf  <38  d^ 


*  ,  ■/ 


sin\J  -  — 
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cb 


(28) 


(29) 


!  The  effective  elastic  properties  after  rolling 
[then  become  orthotropic,  resulting  in  nine  inde¬ 
pendent  elastic  constants  given  by 

i 


1 

!  cn 

1  -  “  Gll(3  —  2sin2\6/\i  +  sin4\!i/4V’)/15 

C22 

+  C22(8  T  3sin20/^  +  sin4\t/4^)/15 
+  (2C22+4Cj5)  (2  ±  sin2v!’/2\(i 


(30) 


-1  M  -1  F  M 

cijkl  ”  cijkl  "  (f/2)(  cmnpq  "  Gmnpq  )  x 


(36) 


-1  M  -1 


-1  M  -1 


(  -ijmn  Gpqkl  +  -klmn  cpqij  3 


where 

I 

F  M 

-ijkl  “  (1"^)(  cijmn  *  Gijmn  )®mnkl 

(37) 


+(l-f) 


and  S^i  is 
spheroid. 


M  F 

cijkl  +  f  cijkl 


Eshelby's  tensor 


for  a  prolate 


-  aln4*/4^)/15 
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TV.  Result*  and  Discussion 

From  the  present  study,  the  effective  elastic 
constants  for  aligned  continuous  or  discontinuous 
fiber  composite  can  be  predicted.  When  the  fiber 
aspect  ratio  approaches  infinity,  eq.  (36)  gives 
the  effective  elastic  constants  for  an  aligned 
continuous  fiber  composite.  After  the  effective 
elastic  constants  of  aligned  fiber  composite  are 
calculated  by  eq.  (36),  the  solutions  to  the  sub¬ 
ject  material  forming  processes  discussed  earlier 
can  be  utilized  for  predicting  the  material  prop¬ 
erties  after  each  forming  process.  The  solutions 
to  extreme  hot  pressing  where  ta/tj,  -  0  can  be 
compared  with  an  experimental  result  of  two  dimen¬ 
sional  random  fiber  composite. 

The  effective  transverse  Young's  modulus  calcu¬ 
lated  from  eq.  (36)  is  compared  with  the  exper¬ 
imental  data  in  Tsai  and  Hahn^,  as  shown  in  Fig. 
4. 


!  Fig.  4  Transverse  Young's  modulus  of  a 
|  continuous  fiber  composite 


'  In  Fig.  5,  the  effective  elastic  constants  for  a 
composite  with  aligned  discontinuous  fibers  calcu¬ 
lated  from  eq.  (36)  are  illustrated  for  glass 
fibers  in  polystyrene.^  The  elastic  constants 
shown  in  Fig.  5  are  then  utilized  as  input  data 
for  determining  the  effective  Young's  modulus  of 
the  same  composite  with  randomly  oriented  fibers 
in  a  two  dimensional  domain.  Fig.  6  shows  the 
comparison  between  the  present  study  and  the 
experimental  result  of  Lee.^ 

The  variations  of  the  effective  Y’oung's  modulus 
in  the  major  axis  are  illustrated  in  Fig.  7  for  an 
ideal  short  fiber  composite  subjected  to  each  of 
the  three  material  forming  processes  discussed 
earlier.  Consider  an  extreme  case  in  which  the 
thickness  ratio  is  zero.  In  such  a  case  the  fibers 
after  hot  pressing  or  rolling  become  planar.  The 
material  properties  after  hot  pressing  become 
transversely  isotropic,  while  those  after  rolling 
remain  orthotropic.  When  the  material  is  subjected 
to  an  extrusion  in  which  the  diameter  ratio 
approaches  zero,  the  material  properties  of  a  per¬ 
fectly  aligned  fiber  composite  are  retrieved  as 
shown  in  Fig.  7. 


Fig.  5  Elastic  constants  of  a  perfectly  aligned 
fiber  composite 

(a)  Young's  moduli 

(b)  Shear  moduli 

(c)  Poisson’s  ratios 
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FIBER  VOLUME  FRACTION 

Fig.  6  Effective  Young’s  modulus  of  a  composite 
with  two-dimensional  random  fibers 


MANUFACTURING  PARAMETER 
| Fig.  7  Effective  Major  Young's  Modulus 


V.  Concluding  Remarks 

From  the  present  study,  an  engineering  tool  is 
proposed  for  theoretical  evaluation  of  the  elastic 
properties  of  a  composite  with  perfectly  aligned 
short  fibers.  Since  a  practical  manufacturing 
scheme  for  the  subject  composite  has  not  been 
developed,  all  existing  analytical  models  except 
for  those  of  continuous  fiber  composites  cannot  be 
directly  verified  by  experimental  data.  Therefore, 

J the  authors  propose  herein  an  alternative  method 
: which  minimizes  the  required  effort  and  number  of 
specimens.  If  the  material  elastic  properties 
after  a  known  material  forming  process  are  meas¬ 
ured,  the  five  elastic  properties  of  the  aligned 
! fiber  composite  can  be  obtained  by  inverting  the 
explicit  solutions  to  hot  pressing,  extrusion  or 
rolling  discussed  herein.  The  effective  elastic 
properties  of  the  same  composite  after  different 
material  forming  processes  then  can  be  predicted 
using  the  same  expression  but  with  different  mate¬ 
rial  forming  parameters.  Also,  the  five  indepen¬ 


dent  elastic  constants  obtained  this  way  can  be 
used  for  evaluating  all  existing  empirical  and 
theoretical  models. 

The  present  model  can  be  generalized  for  com¬ 
bined  material  forming  processes,  such  as  trans¬ 
verse  rolling  after  extrusion  and  transverse  rol¬ 
ling  after  longitudinal  rolling.  In  the  former 
case,  the  t  rotation  occurs  prior  to  the  4 
rotation.  Alternatively,  the  4  rotation  is  fol¬ 
lowed  by  another  4  rotation  in  the  latter  case. 
Thus,  the  elastic  properties  of  two  final  products 
with  the  same  dimension  may  be  different  if  the 
material  forming  histories  are  different.  In  con¬ 
clusion,  the  entire  material  forming  history  of  a 
composite  reinforced  by  continuous  or  discontinu¬ 
ous  fibers  must  be  known  a  priori  in  order  to  pre¬ 
dict  the  material  elastic  response. 
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ABSTRACT 


The  Benveniste  reinterpretation  of  the  elastic  version  of  the  Mori-Tanaka 
method  is  extended  to  model  the  viscoplasticity  of  composites  containing  voids 
and/or  microcracks.  The  matrix  unified  viscoplasticity  eauations  of  Mi  lie- 
are  cast  in  a  total  strain  formulation  to  yield  the  instantaneous  tanaent 
stiffness  for  use  in  the  micromechanics  model.  For  steady  state  creep,  the 
composite  strain  rate  is  given  in  terms  of  the  matrix  stress  rate.  Initial 
yield  surfaces  are  crawn  for  SiC/Al  composites. 


I.  INTRODUCTION 

Products  manufactured  py  tne  sintering  or  not  pressing  of  metal  powaers 
are  finding  increased  use  due  to  improvements  in  fabrication  to  near-net-shape 
and  control  of  density.  Filters  and  bearing  cages  are  intentionally 
manufactured  with  a  high  degree  of  porosity.  Conversely,  load  bearina  powder 
metallurgy  products  such  as  superalloy  turbine  blades  and  Si  C/aluminum 
aircraft  structures  require  the  highest  possible  densifi cation. 

Constitutive  equations  describing  the  elevated  temperature  behavior  of 
reinforced  porous  metals  are  needed  to  enable  their  efficient  production  and 
service.  The  high  temperature  behavior  of  metals  is  best  described  by  unified 
viscoelastic  constitutive  equations  [Miller  (1987),  Walker  (1984),  and  Bodner 
(1984)].  The  unified  equations  combine  plastic  and  creep  strains  in  a  single 
inelastic  strain,  and  the  models  do  not  utilize  a  yield  condition  or  delineate 
regions  of  purely  elastic  deformation.  The  constants  in  these  unified 
equations  are  obtained  from  creep,  monotonic  tension,  stress  relaxation  and 
cyclic  tests.  When  the  composite  is  modelled  from  a  phenomenological 
perspective,  this  test  regimen  must  be  repeated  for  eacn  combination  of 
reinforcement  and  void  morphology  and  volume  fraction.  A  more  efficient 
approach  is  to  obtain  the  constants  for  the  neat  matrix  from  a  single  set  of 
tests.  The  matrix  constitutive  equations  could  then  be  used  in  a 
mi cromechani cs  model  to  predict  the  overall  composite  behavior  for  various 
combinations  of  inclusion  morphology  and  volume  fraction. 

At  a  representative  material  point,  micromechanical  constitutive 
modelling  requires  the  solution  of  a  localization  boundary  value  problem 
id  lowed  by  a  homogenization  procedure.  The  phenomenological  approach  to 
constitutive  modelling  is  therefore  computationally  more  efficient  than  the 
mi cromechani cal  approach.  As  the  macroscopic  history  and  rate  dependent 
response  of  porous  composites  is  not  intuitively  simple,  a  micromechanical 
model  may  be  used  to  provide  insight  into  the  prooer  form  of  phenomenological 
models. 


Due  to  the  second  phase  reinforcement,  voids,  and  microcracks, 
phenomenological  composite  constitutive  equations  should  account  for  pressure 
dependent  anisotropic  flow  even  though  the  matrix  may  be  inelastically 
isotropic.  A  number  or  phenomenological  models  have  been  Droposed  for  metal 
mat, i„  composites.  Dvorak  and  Rao  (1975)  developed  rate-incependsnt  naroeninc 
and  flow  rules  for  a  composite  consisting  of  a  non-narceninc  matrix  reinforcec 
witn  continuous  elastic  fioers.  Tne  Dredictec  plastic  cifataticn  was  of  tne 
same  oroer  of  magr.ituce  as  tne  elastic  dilatation,  ro-osir.  arc  micro  or  at  >:s 


w£Tr  not  cor. si csrsc . 


*  o  o  i  r.  s  n  r  —  “  a- 
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based  unified  viscoplasticity  theory  for  transversely  isotropic,  fully  dense 
composites.  In  both  of  these  studies,  the  inelastic  strain  rate  was  obtained 
from  normality  to  a  macroscopic  yield  function  or  its  rate-dependent  analog. 
For  porous  metals,  however,  the  inelastic  strain  rate  is  not  generally  normal 
zo  the  phenomenological  yield  function.  The  problem  is  then  complicated  by 
the  need  to  identify  both  a  dissipation  function  and  a  yield  function. 
[Nemat-Nasser  and  Shokooh(1980)  ] . 

Micromechanics  models  have  also  been  developed  to  predict  tne  inelastic 
oenavior  ct  composites  anG  porous  mstais.  C.nu  anc  hasn't  act  i  i sc  tne 

‘composite  spneres  assemblage'''  model  to  predict  tne  pul.  moo ulus  of  strain- 
hardening  metals  containing  either  elastic  particles  or  cavities.  Tne  results 
indicated  that  plastic  macro-dilatation  was  not  significant  for  elastic 
particles,  but  was  very  significant  for  porous  metals.  The  Mori-Tanaka  (1973) 
extension  of  Eshelby's  (1957)  equivalent  inclusion  method  has  been  used  tc 
model  rate-independent  plasticity  (Arsenault  and  Taya  (1987),  Tandon  and  Weng 
(1988)]  and  creep  [Zhu  and  Weng  (1989)]  of  metals  reinforced  with  elastic 
particles  and  whiskers.  All  of  these  micromechanics  methods  made  use  of 
deformation  plasticity  theory  to  model  the  matrix.  A  “vanishing  fiber 
diameter"  model  has  been  developed  by  Dvorak  and  Bahei-El-Din  (1982)  to 
predict  the  mechancial  behavior  of  a  kinematic-hardening,  rate-independent 
matrix  reinforced  with  elastic  fibers.  More  recently,  Dvorak  and  3ahei-El-Din 
(1987)  developed  a  "bimodal"  plasticity  theory  for  fibrous  composites  with 
non-hardening  matrices.  The  composite  response  was  described  in  terms  of 
either  a  fiber-dominated  mode  or  a  matrix-dominated  mode.  Aboudi  ( 1987 )  has 
predicted  the  response  of  composites  consisting  of  metals,  described  by 
unified  viscoplasticity  equations,  containing  elastic  reinforcement  and 
voids.  The  method  is  a  simplification  of  a  non-classical,  or  “continuum  with 
microstructure1'  type  model  introduced  by  Sun  et  al .  (1968)  to  study  wave 
dispersion  in  laminates.  The  model  was  subsequently  extenaed  to  model  fibrous 
composites  by  Achenbach  and  Sun  (1972). 

Apparently,  no  "effective  modulus"  (defined  in  the  sense  of  Hashin 
(1983))  micromechanics  theory  exists  to  predict  the  mechanical  response  of 
unified  viscoplasticity-type  metals  containing  particulate  elastic 
reinforcement  and/or  voids  and/or  microcracks.  This  shortcoming  is  in  part 
due  to  the  complicated  nature  of  the  composite  inelastic  deformation.  Due  to 
second  phase  reinforcement,  voids  and  microcracks,  metal  matrix  composites 
have  low  ductility.  The  matrix  constitutive  equations  must  therefore  account 
for  both  elastic  and  transient  viscoplastic  deformation.  Also,  inelastic 
deformation  can  alter  the  symmetry  of  the  matrix  stiffness,  and  macro¬ 
proportional  loading  may  result  in  micro-nonproportional  loading.  Therefore, 
the  present  research  has  been  undertaken  to  develop  a  model  with  the 
aforementioned  capabilities.  First,  a  micromechanics  model  is  developed  by 
extending  to  viscoplasticity  Benveniste's  (1987)  reinterpretation  of  the 
elastic  version  of  the  Mori-Tanaka  (1973)  method.  Next,  the  matrix  unified 
viscoplasticity  equations  of  Miller  (1975)  are  cast  in  a  total  strain 
formulation  suitable  for  use  in  the  micromechanics  model.  Finally,  the 
composite  constitutive  equations  are  presented  in  the  unified  form. 

Although  the  presence  or  the  reinforcement  may  lead  to  significant 
material  strengthening  of  the  in-situ  matrix  (Taya  anc  Arsenault  (1389)),  tne 
present  analysis  is  concerned  only  witn  mecnar.ica*.  cnase  ■r.cerarticr.. 


II.  MODEL  FORMULATION 


In  the  present  study,  the  Mori -Tanaka  method  has  been  used  tc  develop  a 
mean  field  micromechanics  model  of  a  particulate  reinforced  metal  matrix 
composite.  The  model  is  applicaDle  at  nign  nomologous  temperatures.  The 
reinforcing  particles  are  assumed  to  be  linear  elastic.  Nonlinear  composite 
behavior  results  from  the  viscoplastic  character  of  the  matrix  material. 

A.  Matrix  Constitutive  Equations 

Tne  original  unifiec  viscopiasticitv  tneory  of  Mil le-  (ir7E,  \s 
reproduces  in  Table  1.  Althougn  more  recent  and  more  accurate  versions  cf 
Miller's  (1987)  model  are  availaDle,  the  simple  original  equations  are  Dezter 
suited  to  elucidate  the  phase  interaction  in  the  composite.  .The  evolution  law 
for  the  kinematic  hardening  variable,  or  "back  stress",  o|? .  is  similar  to 

the  familiar  Bailey-Orowan  form  of  strain  nardeninc  and  static  (thermal) 
recovery  (softening).  The  evolution  law  for  the  isotropic  hardening  variable, 
or  "drag  stress",  D  includes  a  dynamic  recovery  term.  The  back  stress  and 
drag  stress  are  coupled  in  equation  (1.4).  The  back  stress  is  constrained  to 
be  purely  deviatoric. 


At  high  homologous  temperatures,  the  inelastic  behavior  of  metals  can  no 
longer  be  described  in  terms  of  the  yield  function  of  classical  plasticity. 
However,  surfaces  of  constant  inelastic  strain  rate,  or  SCISRs,  formulated  in 
stress  space,  have  been  shown  experimentally  {Blass  and  Findley  (1971)]  ano 
analytically  {Robinson  (1935)]  to  serve  as  a  viscoplastic  analogy  to  the  yield 
surface  of  classical  plasticity.  That  is,  the  SCISR  is  a  flow  potential  for 
the  inelastic  strain  rate.  The  inelastic  strain  rate  in  Miller's  model  can  oe 
derived  from  a  comoined  haroenino  type  potential. 


Thus,  equation  (1.2)  is  analogous  tc  the  flow  rule  of  classical  plasticit;. , 


(5) 


We  make  the  usual  assumption  that  the  back  stress  is  initially  zero  and 
the  initial  value  D0  of  the  drag  stress  corresponds  to  the  0.2%  offset  ‘'yield" 
stress  in  a  uniaxial  test.  In  classical  plasticity,  inelastic  deformation 
does  not  occur  until  the  stress  state  reaches  the  initial  yield  surface.  From 
inspection  of  the  flow  rule  (1.2)  and  the  equivalent  inelastic  strain  rate 
(1.5),  it  is  apparent  that  inelastic  deformation  begins  concurrently  with  the 
applied  stress.  The  inelastic  strain  rate  is  negligible,  however,  if  the 
effective  stress  is  small  relative  to,  the  drag  stress.  Also,  due  to  static 
recovery,  the  inelastic  multiplier  x  is  not  generally  equal  to  zero  for 
tangential,  or  neutral,  loading  in  the  deviatoric  plane  or  parallel  tobthe 
hydrostatic  axis.  In  fact,  inelastic  flow  will  occur  unless  c.  ■  =  c*  ... 

Unlike  the  yield  surface  of  classical  plasticity  the  SCISR  is  free  to  contract 

as  well  as  expand. 


The  stress  state  must  lie  on  the  SCISR  at  all  times.  By  differentiating 
(4)  the  consistency  condition  can  be  written  as 
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The  kinematic  hardening  rule  (1.3) 
kinematic  hardening.  Indeed,  at  low 


(6) 

is  similar  in  form  to  prager's  rule 
temperature  and  c  ,  recovery 


of 

is 


negligible,  and  Prager's  rule  of  linear  kinematic  hardening  is  recovered. 
Although  Prager's  rule  is  physically  correct,  it  is  not  geometrically  correct 
in  all  stress  subspaces.  Fortunately,  Prager's  rule  is  geometrically  correct 
for  a  number  of  matrix  stress  subspaces  corresponding  to  technologically 
relevant  composite  loads.  For  the  micromechanics  analysis,  consider  the  case 
where  the  inhomogeneities  are  aligned  along  the  specimen  principal  axes,  the 
composite  loading  is  along  the  principal  "axes,  and  no  shear  tractions  are 
applied.  One  possible  configuration  satisfying  these  constraints  is  shown  in 
Figure  i.  Unaer  these  circumstances,  the  average  shear  stress  in  the  matrix 
is  zero.  Prager's  rule  is  correct  in  a  stress  6-sDace  free  cf  snear.  In 
fact,  tne  specimen  axes  now  coincide  with  the  principal  axes  of  matrix,  stress, 
and  Prager's  rule  is  correct  in  tne  suosoace  of  D'-incipa’  stresses  wnen  tne 
trincipa'  stress  axes  are  * i x e c . 


Equations  .(3)  thru  (6)  enable  the  derivation  of  the  instantaneous 
stiffness  corresponding  to 
afi. . 


Li  jkl 


_LL 


(7) 


Following  the  deriva*]on  in  the  Appendix,  we  obtain 
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At  small  inelastic  strain,  Miller's  model  predicts  primarily  kinematic 
hardening.  Thus,  because  metal  matrix  composites  have  low  ductility,  we 
predict  predominantly  kinematic  hardening  of  the  in  situ  matrix.  It  is  well 
known  that  kinematic  hardening  may  induce  inelastic  anisotropy.  In  a  complete 
elastic-plastic  stiffness  such  as  (£),  isotropic  hardening  induces  anisotropy 
in  the  instantaneous  stiffness.  Deformation  theory  does  not  usually  accoun+ 
for  development  of  anisotropy. 


E.  Micromechanics 


In  order  to  extend  Benveniste's  (19S7)  reinterpretation  of  the  elastic 
version  of  the  Mori-Tanaka  (1973)  method  to  viscoplasticity,  we  relate  a 
history  of  the  two  phase  self-consistent  scheme.  The  use  of  the  self- 
consistent  method  to  predict  the  "effective",  or  overall  composite,  stiffness 
of  elastic-plastic  matrices  reinforced  with  elastic  inhomogeneities  has 
evolved  along  two  paths  -  -  the  "equivalent  inclusion  method"  and  the  "direct 
approach."  For  comprehensive  reviews,  see  Mura  (19B2)  and  Hashin  (1983), 
respectively.  As  originally  formulated  by  Eshelby  (1957),  for  dilute 
concentrations  of  inhomogeneities,  the  equivalent  inclusion  method  makes  use 
of  an  "equivalency  condition" 
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The  reader  should  note  that  in  the  above  equation  and  in  the  remainder  of  the 
paper  superscripts  denote  qualitative  aescription  of  the  associated  variables, 
whereas  subscripts  represent  tensorial  components.  Thus  in  (10) 

denote  the  elastic  stiffness  of  the  inhomogeneity  and 

,  ,  is  tne  far-fieid  strain,  c, 
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the  inhomogeneity,  e^  is  the  matrix  clastic  strain,  anc 
“ecuivalent  transformation  stre i ■.  c-  "eigenstrair.. 1  Esne1b\ 
tnat  uniform  strain  “ie^cs  are  cronuc='  ; -  an 
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inhomogeneity  embedded  in  an  infinite  matrix  under  uniform  strain  and 

uniform  plastic  strain  e^.  The  method  was  subsequently  extended  by  Mori 

and  Tanaka  (1973)  by  including  a  "back  stress"  analysis  which  accounts  for  the 
mutual  interaction  between  inhomogeneities.  Composite  elastic  and  plastic 
hardening  moduli  were  obtained  from  energy  principles.  The  Mori-Tanaka  back 
stress  analysis  has,  in  turn,  been  extended  by  Taya  and  Chou  (1981)  tc  include 
two  types  of  inhomogeneities. 

As  poincec  out  Dy  Hill  (1565a;  m  nis  self-consistent  ana'-vsis  or 
polycrystall ine  plasticity,  tne  matrix  instantaneous  stiffness,  racnsr  tnar, 
the  elastic  stiffness,  snould  be  used  in  tne  solution  of  tne  "auxiliary 
problem"  of  a  single  grain  embedded  in  an  elastic-plastic  matrix.  Following 
this  recommendation,  Tandon  and  Weng  (1988)  corrected  the  Mori-Tanaka  methoc 

by  replacing  the  elastic  stiffness  C1?..-,  in  equation  (10)  with  the 

•  J  K  1 

instantaneous  stiffness  and  removing  the  plastic  strain  eP-j  from  the 

equation.  The  resulting  equivalency  condition  in  the  incremental  form  is 


Ci  jkl  ^dekl  +  dekl  +  dekl)  =  Li*jkl  ^dckl  +  dekl  +  dckl  '  dekl) 


where  dc, 


is  the  increment  of  the  Mori-Tanaka  "back  strain. 


We  note  that 


the  Mori-Tanaka  formulation  for  an  elastic  matrix  is  recoverec  if  the 


instantaneous  stiffness  L' 


is  replaced  by  the  elastic  stiffness 


Following  Hill  (1963),  we  write  the  "direct  approach"  to  the  composite 
elastic  stiffness  C.  as 


C.  ..  ,  =  Cl1.,  ,  +  c^C1 . .  -  Cm.  .  )A  , 

ijkl  ijkl  ljmn  ijrnn'  mnkl 


where  c1  is  the  reinforcement  volume  fraction  and  tne  brackets  denote  the 
orientation  average.  The  composite  elastic  stiffness  can  be  obtained 
following  the  determination  of  the  orientation  dependent  "strain  concentration 
factor"  which  gives  the  average  innomogeneity  strain  in  terms  of  tne 


uniform  composite  strain. 


The  determination  of  j k -j 


is  the  essential 


difficulty  in  the  micromechanics  method.  For  dilute  concentrations  of 
inhomogeneities,  the  tensor  T^.^  can  be  obtained  from  Esnelby  (1957) 

cS 


+  SiWO  (Ckl  -  C™Dkl)]-  (13) 

wnere  S^jmn  is  the  Eshelby  tensor,  and  1^-,  is  tne  icentity  tensor.  For  a 

non-dilute  concentratiori  cf  innomogeneities,  tne  strain  concentrati on  censo- 
s.noulc  oe  cerivec  ir  a  manner*  wnierr  taxes  ir.tc  account  tne  particle 
interaction.  Hill  ;iS55ol  ontainec  suer,  a  concentration  tense-  in  n*s  "direct 


approach"  to  the  self-consistent  scheme  for  two-phase  composites. 

The  Eshelby  tensor  is  a  function  of  the  particle  aspect  ratios  and  the 
instantaneous  matrix  stiffness.  Mura  (1982)  has  given  single  integral 
equations  for  the  Eshelby  tensor  corresponding  to  the  case  of  a  transversely 
isotropic  matrix  with  its  crystalline  directions  coincident  with  the  principal 
directions  of  a  spheroidal  inhomogeneity  of  any  aspect  ratio.  For  the  case  of 
a  generally  orthotropic  matrix  containing  spherical  innomcgeneiti es ,  Morris 
(1970)  has  given  double  integrals  for  the  Eshelby  tenso-. 


Ir  eras-  tc  use  Mura's  integrals  to-  tne  Esneiov  tense-,  ere 
inhomogeneities  are  assumed  tc  be  alianec  ir,  the  x?  direction.  Tne 
macroscopic  loading  is  constrained  tc  render  tne  instantaneous  matrix 
stiffness,  at  most,  transversely  isotropic  about  the  x-j  axis.  This  condition 

is  not  overly  restrictive,  as  it  allows  for  the  application  of  hydrostatic 
pressure  and  combined  tension/torsion,  anc  triaxial  stress  states  in  which 

C11  =  522’  °33  =  °‘ 


Recently,  Benveniste  (1987)  made  the  remarkable  observation  that  the  non¬ 
dilute  strain  concentration  tensor  could  be  obtained  from  a  reexamination  of 
the  elastic  Mori-Tanaka  method  in  terms  of  equations  (12)  and  (13). 
Benveniste  et  al .  (1989)  subsequently  extended  the  analysis  to  predict  the 
effective  elastic  stiffness  of  composites  with  two  types  of  inhomoceneities. 
Recall  from  equation  (11)  that  the  elastic-plastic  form  of  the  Mori-Tanaka 
method  is  obtained  by  replacing  the  matrix  elastic  stiffness  with  the 
instantaneous  stiffness.  Therefore,  the  elastic-plastic  form  of  the 
Benveniste  al .  (1989)  method  can  be  written  in  terms  of  instantaneous 
stiffness  L‘T  In  the  remainder  of  the  paper,  equations  will  be  cast  in 


rate,  rather  than  incremental  form.  Under  an  applied  uniform  strain  rate 
e^.,  the  composite  instantaneous  tangent  stiffness  L,.  is  given  as 


Lijkl  ^  c  L  ijmn  Tmnop^  c  Topkl' 

where  r  =  1  denotes  the  first  particle  type, 

r  =  2  denotes  the  second  particle  type,  and 
r  =  m  denotes  the  matrix  phase. 


(14) 


The  average  phase  strain  rates  are  given  by 

*i j  Ai jkl  ckl *  r  =  ^»2,m 

or 
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wners  the  matrix  strain  rat 
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e  is  written  in  terms  of  tne  aot'iec  sera' 


(16) 


r=l,2,m 


(17) 


.m  jr  Tr  rl  .0 

cij  "  11  C  TijkV  ckl  * 


The  dilute  strain  concentration  tensors 
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are  given  in  the  form 
-i 


r=  1 ,2 
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wnere  tne  fourtn-orcer  unit  tenser  is  cefined  by 
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Similarly,  unaer  an  appliec  traction  giving  rise  tc  c  uniform  stress  rate 
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the  composite  instantaneous  compliance  (=  -"ij^j) 
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is  given  as 
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where  the  matrix  stress  rate  is  written  in  terms  of  the  applied  stress  rate 
o 
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c.j  as 
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r  =  1,  2,  m 
The  dilute  stress  concentration  tensors  are 

r  =  1,  2,  m 

Substitution  of  equation  (9)  into  (14)  results  in 
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For  a  given  composite  stress  rate  o.., 
o  *  3 

follows  from  the  composite  compliance 


the  comDosite  total  strain  rate 

■jj  -  -  — -  - -  — .»K - —  "ijkl’  e9uation  (21).  ~ne 

micromechanics  leading  to  is  based  on  the  fact  that  the  composite 

total  strain  rate  is  equal  to  the  volume  average  of  the  phase  total  strain 
rates.  As  pointed  out  by  Hill  (1967),  the  elastic  and  inelastic  components  of 
the  composite  total  strain  rate  are  not  direct  averages  of  their  microscopic 
counterparts  when  the  composite  stress  rate  c? maintains  inelastic  flow  in 

an  elastically  neterogeneous  medium.  Tne  composite  inelastic  strain  is 
typically  cotainec  from  an  elastic  unloading.  Because  tne  unifies  equations 
co  not  allow  -or  -ecions  of  cure 1  v  elastic  ce*crmaticr  we  w''  consioe'"  enn 


imaginary  "instantaneous"  elastic  unloading.  In  other  words,  we  assume  that 
during  the  inf initessimal  period  of  unloading  static  recovery  has  insufficient 
time  to  induce  inelastic  flow,  With  this  assumption,  we  associate  with  each 
real  state  an  imaginary  elastic  state  of  zero  applies  stress.  The  comoosite 
inelastic  st  in  rate  is  then  given  py 
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Howevp-,  the  composite  inelastic  rt~?’-  -fte 

calculating  t ns  comoosite  comol  lance.  Suoue;  l^zz  rc:  »-.ver-  -.nr  -o 
ineiastic  strain  as  tne  volume  avsrace  c*  toe  orocucr  s*  me  onase 
concentration  factors  and  the  pnase  ineiastic  strains.  Wren  ineiast 
occurs  only  in  the  matrix  tne  result  is  simplv 
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The  proo‘.  follows  from  the  decomposition  of  strain  anc  tne  equivalence  of 
micro  and  macro  virtual  power,  also  known  as  Hill's  Macronomogeneity  Equality. 

The  model  accounts  only  for  the  particle  volume  fraction  and  not  the 
individual  particle  size.  We  make  the  implicit  assumption  that  the  individual 
particles  “see"  a  statistically  homogeneous  polycrystalline  matrix.  SiC 
whiskers  of  1-2  ym  diameter,  however,  are  embedded  within  single  grains. 
Walker  and  Jordan  (1989)  have  developed  unified  constitutive  equations  for 

single  crystals.  The  inversion  of  single  crystal  equations  to  the  total 

strain  form  may  be  of  limited  utility,  however,  due  to  the  presence  of 
multiple  corners  on  a  single  crystal  SC1SR.  Fortunately,  continuous  fibers  of 
1-0  urn  diameter  may  be  at  least  one  order  of  maanituae  laraer  tnan  the 
surrounding  grains  (Kim  et  al.  (1989)].  But  the  Mori-Tanaka  metnod  may  nave 
limited  applicability  to  typical  continuous  fiber  reinforced  metal  matrix 

composites,  which  are  often  no  more  than  eight  plies  thick.  In  this  case,  the 
fiber  diameter  is  of  the  same  order  of  magnitude  as  the  composite  thickness, 
ine  rigorous  form  of  tne  micromechanics  may  not  then  reduce  to  the  simple 
common  rorm  (see,  ror  instance,  Mori  and  Tanka  (1973),  the  appendix). 

The  model  presented  herein  provides  the  mechanical  equation  of  state  for 
the  composite  and  the  growth  law  for  the  composite  inelastic  strain.  The 

damage  state  is  treated  as  known.  The  Mori-Tanaka  method  has  been  used  (Taya 
(1981)]  to  ootain  tne  strain  energy  release  rates  of  cracks  in  elastic 
composites.  The  concept  of  strain  energy  release  rate  is  of  limited  utility 
for  bodies  beyond  general  yield.  Also,  proportional  macro-loading  may  result 
in  non-proportional  micro-loading.  The  J  integral  is  therefore  not  useful  for 
calculating  microcrack  strain  energy  release  rates. 

The  Mori-Tanaka  method  has  also  been  used  (Taya  (1981)]  to  study  ductile 
void  growth  in  viscous  metals.  Ductile  void  growth  is  primarily  a  finite 
deformation  phenomenon  and  is  or  limitec  consequence  ir,  composites.  Inoeec. 
experimental  studies  of  SiC  reinforces  aluminum  composites  indicate  tnat  nc 
measurao  is  increase  or  porosity  occurs  in  loacinc  to  failure  f~lom  anc 
Arsenault  (1539)]. 


III.  RESULTS  AND  DISCUSSION 


A.  Composite  Hardening  Equations 

The  composite  inelastic  strain  rate  can  be  obtained  from  a  composite 

SCISR  in  space.  Hill  (1967)  nas  identified  the  constraints  on  tne 

composite  yield  function  in  terms  of  tne  constituent  yield  functions.  For  the 
simple  case  at  hand,  overall  yielding  occurs  simultaneously  witn  matrix 
yielding.  Furthermore,  the  composite  yield  function  is  smooth  and  convex,  anc 
the  macrosccoic  plastic  strain  increment  i:  in  tne  direction  of  tne  out ware 
normal . 


Suostitutior,  cf  (22)  'net 
in  composite  stress  space: 
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where  B.;:^  is  the  elastic  stress  concentration  tensor.  in  defining  the 

initial  SCISR  we  make  the  usual  assumption  that  the  back  stress  is  initially 
zero  and  the  drac  stress  is  of  initial  value  Dn.  The  concentration  tensor 
nine  •  .  .  _  J  .  0 

“ijkl  lnUuces  a  rotation  and  an  anisotropic  expansion  of  the  SCISR.  The 

SCISR  (29)  is  the  equation  for  an  ellipse  in  the  deviatoric  plane,  and  the 
initial  SCISR  may  now  exhibit  pressure  dependence.  The  stress  concentration 
tensors  are  defined  in  terms  of  stress  rates,  whereas  the  SCISR  is  defined  in 
space  of  current  stress.  A  simple  substitution  such  as  (29)  will  therefore 
not  enable  the  determination  of  subsequent  SCISRs. 


Dvorak  and  Bahei-El-Din  (1982)  have  derived  composite  kinematic  haroeninc 
rules  for  fiber  reinforced  kinematically  naroeping  metals.  We  use  this  metpoc 

to  oDtain  the  macroscopic  pack  stress  CT./  The  pack  stress  st  . 

'j  ij 

corresponding  to  a  yield  function  has  a  different  meaning  than  the  Mori-Tanaka 
back  stress  o.^.  The  Mori-Tanaka  back  stress  is  given  by  the  difference  of 
the  applied  stress  and  the  resulting  matrix  stress  as 
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or,  using  (22), 
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(31) 


The  Mori-Tanaka  back  stress  will  develop  under  purely  elastic  loading,  whereas 
the  back  stress  responsible  for  .-.’.nematic  hardening  gives  the  yield  function 
translation  due  only  to  inelastic  flow. 
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stress  rate  c  .  is 
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total  response.  Fc-  i 
followed  immediate' 
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in  composite  stress  space  is  given  by  =T.. 

* 

obtained  by  suDtracting  tne  elastic  response 
nstar.ee,  curing  a  time  increment  ct  we  aocly  a 
iy  by  an  Instantaneous,  anc  tnere^o-e  elastic. 


will  not  return  to  its  pre-load-cycle  value.  The  resulting  matrix  residual 
stress  increment  is 
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Ti.w  composite  and  matrix  SCISR  translations  oue  to  tne  load  increment  are 
related  by 
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Tnus,  tne  composite  pact;  stress  is  seer,  to  oeoer.c  explicit":-  c~  tne  -mate-' a" 

haraeninc  stress  dc1?,-  anc  tns  ‘-mecnanical naroeninc  stress  cz- .  ace  t: 
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constraint  hardening.  If  the  innomogeneities  are  voids,  dol,.  is  t 

mechanical  softening  stress. 

The  composite  back  stress  increment  is  given  oy  (22)  anc  (22): 


dcf,  =  (6™:,  .)_1  dcd-  -  [(Bml,)-i  Bm  .  -I.,  ]  do0 

kl  v  ijkr  ij  ijkr  ijuv  kluvJ  uv 

fhe  incremental  equation  (34)  may  be  rewritten  in  rate  form  as 
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(35) 


The  evolution  of  tne  composite  back  stress  is  thus  seen  to  aeoend  explicitly 
on  tne  evolution  of  the  matrix  back  stress  anc  the  applied  stress  rate. 


B.  Composite  Creep  Equations 

During  creep  or  stress  hold  (strain  transient)  tests,  the  composite 

stress  is  constant,  i.e.  c° .  =  0.  and  the  composite  strain  rate  cannot  be 

1  j 

determined  by  the  compliance  (21).  Also,  the  phase  stress  rates  cannot  be 
determined  from  (22).  The  composite  strain  rate  must  be  obtained  from  an 

equation  relating  directly  to  the  matrix  stress  rate.  To  derive  such  an 

equation  we  begin  with  the  composite  stress/elastic  strain  equation 
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Next,  we  supstitute  eouation 
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Now  decomposing  the  matrix  strain  rate  and  making  use  of  the  matrix  elastic 
compliance. 
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We  solve  for  the  matrix  stress  rate  as 


/  -ir  > 

v  i 


ine  matrix  stress  rate  may  oe  critter,  ir  terms  of  tne  composite  strain  rate 

-rTr,,,]KTi 


.m 

°op 


r  c 


i  jk" 


ijop 


c^Bj, 

kluv 


uvkl 


z _mem  \ -1  .0 
(c  Bstuv>  £st 


1411 


Equation  (41)  gives  the  matrix  stress  rate  in  terms  of  material  hardening 
(softening)  and  constraint  hardening  (softening).  The  composite  creep 
response  contrasts  sharply  with  the  creep  response  of  the  in  situ  matrix. 
From  (37),  (40)  and  (1.2)  it  is  apparent  that  constraint  hardening  precludes 
composite  steady  state  creep  if  the  matrix  is  undergoing  steady  state  creep. 
A  composite  may  obtain  a  steady  state  only  when  the  sum  of  void-induced 
constraint  softening  and  matrix  thermal  softening  equals  the  sum  of 
reinforcement-induced  constraint  hardening  and  matrix  strain  hardening.  Under 
steady  creep  conditions,  a  SC1SR  is  fixed  in  stress  space,  i.e.  it  does  not 
translate,  rotate,  or  expand  (contract).  Interestingly,  a  fixed  matrix  SCISR 
will  generate  a  dynamic  composite  SCISR. 

The  "fading  memory"  of  neat  metal  SCISRs  has  been  experimentally  verified 
by  Blass  and  Findley  (1971)  and  analytically  modelled  by  Robinson  (1985). 
Fading  memory  implies  that,  regardless  of  mechanical  history,  a  metal  will 
eventually  reach  a  steady  state  flow  rate  unique  to  the  current  fixed  stress 
state.  The  concept  of  a  unique  pairing  of  the  stress  and  steady  state 
inelastic  strain  rate  is  the  foundation  of  Hart's  (1970)  framework,  upon  which 
Miller's  model  is  predicated.  Fortunately,  the  composite  will  exhibit  fading 
memory.  Recall  that  our  model  assumes  all  inhomogeneities  to  De  separated  by 
a  continuous  viscoplastic  matrix.  Furthermore,  stress  fields  are  uniform  in 
the  inhomogeneities.  Therefore,  residual  stresses  in  the  innomogeneities  must 
be  balanced  by  residual  stresses  in  the  matrix.  The  matrix  exhibits  fading 
memory  with  respect  to  the  deviatoric  component  of  residual  stress,  which  will 
eventually  totally  relax  through  static  recovery.  Equilibrium  then  demands 
total  relaxation  of  the  inhomogeneity  residual  deviatoric  stress.  Inelastic 
incompressibility  &f  the  matrix  precludes  the  existence  of  residual 
hydrostatic  stress.1 


1 


Recall  that  the  inhomogeneities  are  aligned  in  the  X3  direction.  For 
macroscopic  axisymmetric  loading  the  initial  yield  surfaces  of  SiC  (E=430  GPa, 
v=0.2)  reinforced  aluminum  (E=63  GPa,  v=0.33)  composites  are  shown  in 
Figures  2  and  3  for  20%  and  30%  reinforcement  volume  fraction,  respectively. 
Tne  a;. •. :ymmetric  transverse  stress  is  given  as 


For  SDherical  reinforcement,  the  yield  surface  is  a  cylinder  aligned  along  tne 
nyorostatic  axis.  For  wni suers  anc  fioers,  sne  c> linos”  rotate,  in.  tne 
cirectior  of  reinforcement  anc  is  row  an  elliose  ir.  tne  oeviatr-ic  r.  ^ane.  Tne 
yield  surfaces  corresponding  to  wnistcers  anc  fibers  go  rot  differ 

substantially.  The  surfaces  take  the  shaoe  of  a  cylinder  Decause  tne  matrix 
is  modelled  only  in  terms  of  an  average  stress.  Dvorak  and  Banei-El-Din 

(1579)  have  used  the  modified  self-consistent  method  to  obtain  yield  surfaces 
for  fibrous  composites  with  non-hardening  matrices.  In  that  case,  the  yield 
surfaces  were  elliptical  in  the  axisymmetric  plane  because  the  modified  self- 
consistent  method  allows  for  two  different  (Dut  uniform)  matrix  stress 

fields.  Therefore,  we  expect  the  Mori-Tanaka  method  to  predict  an 

unrealistically  large  elastic  region  for  large  values  of  hydrostatic  stress. 

For  macroscopic  plane  stress,  the  initial  yield  surface  of  a  50%  boron 
fiber  (E=400  GPa,  v=0.2)  reinforced  aluminum  (E=72.5  GPa,  v=0.33) 
composite  is  shown  in  Figure  4.  Also  shown  are  the  yield  surfaces  predicted 
by  the  matrix  dominated  mode  (MOM)  and  the  self-consistent  fiber  dominated 
mode  [ FDM(SCM) ]  for  the  bimodal  theory  of  Dvorak  and  Bahei -El-Din  (19S7).  For 
B/Al  the  bimodal  theory  has  been  experimentally  showr^  to  predict  gxtremgly 
accurate  results  for  plane  stress  loadino  in  the  and  -  c9, 

planes.  Apparently,  tne  Mori-Tanaka  method  unaerestimates  tne  yield  strengtr. 
of  fibrous  composites.  This  conclusion  is  supported  by  Figure  4  anc  also 
Figures  2  and  3,  which  indicate  little  strengthening  of  the  fiber  composite 
over  the  whisker  composite.  For  whisker  and  particulate  composites,  however, 
the  Mori-Tanaka  method  should  predict  more  accurate  results  than  the  bimodal 
theory. 

The  rigorous  theory  of  "effective  modulus"  elastic  micromechanics 
involves  the  exact  solution  of  a  localization  boundary  value  problem  taken 
over  a  representative  volume  element.  The  resulting  microscopic  field 
variables  are  then  transformed  to  the  macroscopic  values  through  a  suitable 
homogenization  procedure.  Usually,  the  localization  problem  must  be  solved 
using  the  finite  element  method.  Micromecnanics  mooels  were  developed  to 
provide  physical  insight  and  predictive  capability  using  approximate  methods 
of  localization  and  homogenization.  In  general,  these  methods  involve  exact 
solutions  to  elastic  boundary  value  problems  formulated  over  an  approximate 
representative  volume  element.  For  example,  the  localization  problem  in  the 
Mori-Tanaka  method  is  the  "auxiliary"  problem  of  Eshelby's  "equivalent 
inclusion"  solution  for  a  single  ellipsoidal  inhomogeneity  in  an  infinite 
matrix.  The  approximate  localization  scheme  in  the  Generalized  Self- 
Consistent  Method  [Christensen  and  Lc  (1979)]  involves  tne  solution  to  a 
concentric  spheres  or  £  concentric  cylinders  croolem.  Unfortunately,  tne 
properties  of  history  aeoenoent  materials  vary  with  strain.  Exact  solutions 
cannot  ds  obtainec  for  localization  oroolems  involving  inelastically  naroenir.g 
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figure  2.  Initial  .yield  surfaces  for  20%  SiC/Al  in  the 
axisynuietric  plane. 
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Initial  yield  surfaces  for  30%  SiC/Al  in  the 
axisymnetric  plane. 
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In  a  recent  comparison,  Christensen  (1990)  determined  that  the 

Generalized  Self  Consistent  Scheme  is  qualitatively  superior  to  the  Mori- 

Tanaka  method.  It  was  shown  that  the  Mori-Tanaka  method  involved  no  solution 
of  the  basic  particle  interaction  problem  in  the  non-dilute  case,  and  the 
method  is  essentially  “an  estimate  of  the  solution  form  guided  only  by  the 
requirement  of  the  dilute  solution  at  one  end  of  tne  concentration  scale  and 

at  the  opposite  end  of  the  scale  by  the  requirement  tnat  as  C,  -  1,  tne 

effective  property  identify  with  that  of  the  inclusion  phase."  In"  the  dilute 
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I'..  SUMMAP*’ 

A  micromecnanics  model  for  tne  viscoplastic  benavior  of  a  metal  matrix, 
composite  has  been  developed.  The  composite  consists  of  a  thermoviscoplastic 
matrix  reinforced  by  linear  elastic  particles.  Voids  are  also  included  in  the 
analysis.  The  micromechanics  model  has  been  used  to  develop  constitutive 
equations  for  the  composite.  Specifically,  strain  narcening  equations  anc 
initial  SCISR  for  the  composite  nave  oeen  obtained.  In  addition,  tne 
micromechanics  model  has  been  used  to  generate  equations  describing  creep  of 
the  composite. 

The  micromecnanics  model  presented  herein  provides  a  general  framework 
for  predicting  composite  response  based  on  constituent  behavior.  For  example, 
while  Killer's  unified  thermoviscoplasticity  theory  was  used  to  describe  the 
thermomechanical  behavior  of  the  matrix  in  the  present  study,  other 
constitutive  theories  could  have  been  used.  In  the  future  residual  stresses 
due  to  thermal  expansion  mismatch  will  be  included  and  tne  analysis  extended 
to  predict  thermoviscoolastic  response  of  the  composite. 
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APPENDIX 

uostitute  tne  st-ess/el asti c  strain  equation  (3)  and  the 
he  consistency  condition  (6)  to  obtain 
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Rewrite  the  flow  rule  (5)  as 


and  substitute  into  (A.l)  to  cccain 
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From  (A. 3)  obtain  the  following  implicit  solution  for 


f  l  O  \ 
v  •  •  •  -  ; 


;  _  acuv  uvrs'rs 
A  =  71  75  : 

Emn  °mn  .  2DD  .  aF 


Sc _ mnop  Sc 

mn  r  op 


(A. 4) 


Substitute  the  flow  rule  (5)  and  (A. 4)  into  the  stress/el  as- 
ecuaticn  (3)  tc  yield 


Now  assume  that  there  exists  a  scalar  C  such  that 
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Substitute  (A.£)  into  (A. 5)  to  obtain  the  instantaneous  tangent  stiffness 
tensor 
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The  scalar  C  may  be  obtained  from  (A. 6)  and  (A. 2)  as 
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ADDENDUM 


Three  papers  directly  relevant  to  the  present  research  were  presented  at 
the  recent  IUTAM  Symposium  on  Inelastic  Deformation  of  Comoosite  Materials. 
Rensselaer  Polytechnic  Institute.  Troy,  N.Y..  29  May-!  June.  1990. 

The  "vanishing  fiber  diameter  model"  of  Dvorak  and  Banei-El-Din  (1982; 
was  used  by  Kreir.pl  and  Yeh^  to  predict  thermal  resioual  stresses  in  unifies 
viscoblasticity  type  metal  matrix. 


hang  anc  went*  moaellec  tne  primary  enc  second*-;,  oreet  c*  co-mo cs ' te. 
using  a  comoination  cf  Esneloys  eouivaient  inclusion  r.etr.oc.  kroner's  elect 'c 
constraint,  tne  Mori -Tanaka  methoo,  anc  Luo  anc  we nr  *  t  local  solution  o*  a 
three-pnase  cylir.drically  concentric  solid. 


Dvorak  et  ai.  presented  research  tnat  is  similar  to  the  present 
paoer.  The  Mori-ianaka  method  was  used  to  predict  comoosite  vieic  surfaces 
ana  composite  stress-strain  curves  for  E—  Al  anc  SiC**-Ai  comoosites .  Tne 


aluminum  matrix  was  morieilec  oy  a  rate-independent 
theory  using  the  Phillips  kinematic  hardening  rule, 
that  Eshelby's  "equivalent  inclusion"  solution  is  not 
hardening  matrix.  A  more  complete  paper  [Lagoud 


incremental  cl asti ci ty 
The  authors  pointed  out 
exact  for  a-plastica! ly 
as  et  al .  “]  has  been 


submitted  for  publication.  In  addition,  Gavazzi  and  Laooudas  0  have  developed 
a  numerical  algoritnm  for  the  evaluation  of  Eshelby's  tensor  corresponding  to 
a  generally  arisotropic  matrix  containing  inclusions  of  any  aspect  ratio.  The 
authors  have  offered  to  provide  a  copy  of  the  code  via  electronic  mail  or 
floppy  disk. 
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APPLICATION  OF  CURRENT  UNIFIED  VISCOPLASTIC 
CONSTITUTIVE  MODELS  TO  HASTELLOY  X 
AT  ELEVATED  TEMPERATURES 
by 

L.D.  McCrea,  P.K.  Imbrie ,  D.H.  Alien 
Aerospace  Engineering  Department 
College  Station,  Texas  5123 

ABSTRACT 

The  unified  viscoplastic  constitutive  theories  of  Eodner  and 
Walker  are  investigated  to  determine  their  predictive  capabilities  using 
experimentally  obtained  data  for  Hastelloy  X,  at  1100  and  1700'?,  as  the 
basis  of  comparison.  Material  parameters  for  these  models  have  beer, 
obtained  using  an  iterative  approach,  unlike  the  traditional  explicit 
approach.  Instead,  the  nonlinear  form  of  the  constitutive  equations  are 
numerically  integrated  using  physical  incite,  as  well  as  knowledge  of  the 
parameters,  until  acceptable  values  are  obtained.  The  iterative  method  for 
determining  the  material  constants  is  shown  to  be  a  viable  alternative . 
proving  to  be  much  simpler  and  less  time  consuming  than  previously 
developed  procedures . 

Comparisons  to  experimental  data  reveal  that  the  constitutive  theories 
are  not  able  to  simultaneously  model  the  initial  and  fully  saturated 
condition  for  a  material  which  has  undergone  a  considerable  amount  of 
cyclic  hardening,  although,  a  power  law  based  strain  rate  equation  is 
shown  to  model  this  material  system  best  overall. 
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INTRODUCTION 

Over  the  last  several  decades,  technological  advances  in  areas  such  as 
gas  turbines,  rocket  engines,  solar  energy  conversion  devices,  nuclear 
reactors,  and  the  like,  have  forced  engineers  to  reevaluate  traditional 
methods  of  structural  analysis.  This,  in  part,  is  a  result  of  attempting 
to  make  better  use  of  natural  resources  through  improved  design  and 
fabrication  techniques.  In  addition,  materials  used  in  the  aforementioned 


applications  are  exposed  to  hostile  thermal  environments  where  temperature 
and  rate  dependent  phenomena  are  sinificant.  To  this  end,  a  number  of 
“-fie-  thermoviscoplastic  constitutive  theories  have  been  developed  which 
accurately  predict  the  response  of  a  material  subjected  to  thermal  and/or 
mechanical  loading.  However,  use  of  these  models  is  still  not  commonplace 
and  additional  research  is  necessary  in  order  to  understand  their  full 
potential,  as  well  as  their  limitations. 

The  purpose  of  this  research  will  be  to  assess  the  viability  of  an 
iterative  approach  for  material  parameters  evaluation,  as  well  as  to 
perform  a  qualitative  and  quantitative  analysis  of  the  predictive 
capabilities  of  the  models  proposed  by  Bodner  [1]  and  Walker  [2], 

Numerical  simulations  from  selected  theories  in  uniaxial  form,  and  exper¬ 
imental  data  using  Hastelloy  X,  will  provide  the  basis  for  the  evalua¬ 
tions  . 


SELECTED  CONSTITUTIVE  THEORIES 

The  constitutive  theories  chosen  for  this  investigation  are  those  of 
Bodner  [1,3-15]  and  Walker  [2,13,14,16,17],  Selection  was  based  upon 
several  considerations,  namely:  1)  these  models  have  been  scrutinised  verv 
caretusi"  rr.  me  literature  and  are  now  considered  to  be  ir.  a  mature  term: 
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2)  these  models  have  been  previously  used  to  model  the  behavior  of 
Hastelloy  X;  3)  parameter  evaluation  schemes  are  more  readily  available 
for  obtaining  "initial"  estimates  to  the  material  constants;  and  4) 
continued  development  of  these  models  requires  a  thorough  understanding  of 
their  full  potential,  as  well  as  their  limitations.  Thus,  in  the 
paragraphs  that  follow,  a  brief  overview  of  these  theor.es  is  presented 
which  will  include  a  discussion  of  their  forms  and  general 
characteristics.  However,  the  complete  derivation  of  the  equations  will 
not  be  reviewed  herein  since  this  information  has  appeared  on  numerous 
occ2.si.ons  in  tiis  iiC6r,2,ciire . 

Bodner  Model 

Bodner's  model  [1;  is  a  unified  viscoplastic  theory  which  does  not 
require  the  use  of  a  yield  criterion.  The  constitutive  equations  are  cast 
in  a  continuum  mechanics  format  and  make  use  of  many  microphysical  consid¬ 
erations  based  on  the  concepts  of  dislocation  dynamics .  The  form  of  the 
model  presented  herein  is  capable  of  characterizing  behavior  such  as  iso¬ 
tropic  and  directional  hardening,  thermal  recovery,  and  general  tempera¬ 
ture  dependence  of  plastic  flow  [14],  The  model  has  two  internal  state 
variables:  an  isotropic  hardening  parameter,  and  a  kinematic  hardening 
parameter.  Bodner  makes  use  of  the  plastic  work  rate  (ae^)  as  a 
scalar  measure  of  hardening,  which  enables  more  accurate  modeling  of  a 
strain  rate  jump  test  [1],  The  uniaxial  differential  form  of  this  con¬ 
stitutive  theory  is  presented  below  as  [1]: 


-  2.  Dq  exp  { -0 . 5  |  (DoB)/a  j  ^n}  sen  (a) 

J  3 
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r2 


B  -  m2  (Z3Sgn(<r)  -  B)^1  -  A2Z1  C  i B | /Z^ )  sgn(B) 


(2) 


D  -  m1  ( Zi  -  Woe1  -  AjZj.  (  |D-Z2 1  /Z3.) 


(3) 


where:  DpB  -D  -r  Bsgno  ,  and 


m2  ”  “2/2  (1  +  expl-mjB  sgn(o)})  . 


(5) 


In  equations  (l)-(5)  the  variables  Dq,  n,  ,  Z^,  Z2 ,  A]_ ,  r^ ,  n>2 ,  Z3, 
A2 ,  m3,  and  r2  represent  material  parameters  which  can  be  obtained  through 
a  series  of  uniaxial  isothermal  constitutive  experiments. 

An  exponential  function  is  used  as  the  form  of  the  basic  equation  for 
the  inelastic  strain  rate,  eq.  (1).  This  function  yields  a  very  small 
value  at  low  stress  levels  and  provides  a  limiting  value  of  inelastic 
strain  rate  in  shear  (Dq).  These  properties  appear  to  be  particularly 
useful  for  predicting  material  behavior  at  a  variety  of  strain  rates . 

This  flow  law  contains  a  scalar  coefficient  (DpB)  which  is  a  function  of 
both  the  isotropic  (D)  and  directional  hardening  (B)  variables. 

The  growth  laws,  eq.'s  (2)  and  (3),  for  the  theory  are  in  the  standard 
Bailey-Orowan  format  of  competing  hardening  and  recovery  terms.  Cyclic 
hardening/softening  characteristics  are  represented  through  the  isotropic 
evolution  equation  (3) .  Hardening  and/or  softening  is  included  in  this 
growth  law  by  the  term  m]_Z]_(oc*).  Hardening  is  modeled  when  Zi  is 
greater  than  the  initial  value  of  D,  whereas  softening  is  modeled  when  Zi_ 
is  less  than  the  initial  value  of  D.  The  term  -n:  Dt're- /  accounts 
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for  the- dynamic rrecovery,  while  the  term  -A^ZjJ  (D-Z2>Z^‘^]rl  represents 
the  static  thermal  recovery. 

Bodner's  model  does  not  make  use  of  the  back  stress  concept  to  include 
directional  hardening  effects;  instead,  an  anisotropic  form  of  the  flow 
law  is  used.  This  flow  law  is  assumed  to  behave  isotropically  on  an 
incremental  basis.  This  growth  law,  eq.  (2),  includes  hardening  through 
the  term  m2Z3Sgna(ae^) .  In  the  evolution  equation  for  directional 
hardening,  the  term  is  the  dynamic  recovery  term,  and 

*A2^lI ( |Bl/Zi)r2sgnB  is  the  static  thermal  recovery  term.  Cross  softening 
efiects  are  avoided  by  using  the  stress  as  the  directional  index  of  har¬ 
dening  . 

Walker  Model 

Walker's  model  [2],  is  a  unified  viscoplastic  constitutive  theory 
which  is  based  upon  a  nonlinear  modification  of  a  three  parameter  solid 
containing  a  Voigt  element  in  series  with  a  spring.  However,  during  the 
development  of  this  theory,  Walker  included  many  micropnysical 
considerations.  The  form  of  Walker's  theory  used  herein  is  seen  to  be 
capable  of  modeling  isotropic  and  directional  hardening,  and  includes  one 
internal  state  ,-ariable,  the  back  stress.  The  growth  law  for  the  back 
stress  is  of  the  standard  Bailey-Orowan  format.  The  scalar  measure  of 
hardening  used  by  Walker  is  seen  to  be  the  inelastic  strain  rate.  The 
uniaxial  differential  form  of  Walker's  model  is  given  below  [2]: 


e1  “  k  -  Bj1*-1  (a  -  B) 
Dn 


'TV 


is 
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D  -  -  D2  expf-nyR)  (8) 

where:  G  -  (nj  +  n4  exp{ -n5R) ) | « 1 1  +  115  j B | m" ,  and  (9) 

R  -  fe1  at  .  (10) 

In  equations  (6) -(10),  the  variables  Dj_ ,  D2,  E,  n^,  n2 ,  n3 ,  n^  n5 , 
ng ,  ny ,  n,  m,  and  Bg  represent  material  parameters,  which  can  be  obtained 
through  a  set  of  isothermal  uniaxial  constitutive  experiments.  It  should 
be  noted  that  Walker's  constants  are  temperature  dependent. 

The  form  of  the  basic  equation  for  the  inelastic  strain  rate,  eq.  (6), 
is  a  power  law  function  which  accurately  predicts  material  behavior  such 
as  creep,  relaxation  and  strain  rate  effects  for  strain  rates  below  10 
sec‘1.  However,  at  higher  strain  rates  the  power  law  expression  appears 
to  predict  stress  levels  which  are  much  larger  than  those  actually  meas¬ 
ured  during  a  constant  strain  rate  tensile  test  [18,19],  Walker  has 
also  proposed  an  exponential  form  of  the  flow  law  [2]. 

The  drag  stress  models  isotropic  hardening  and  accounts  for  cyclic 
hardening/softening  of  the  material.  The  equation  for  the  drag  stress 
(D) ,  eq.  (8),  is  assumed  to  be  a  function  only  of  the  accumulated 
effective  inelastic  strain  (R) .  Initially  the  drag  stress  is  D]_-D2>  which 
eventually  saturates  to  a  value  of  D]_  as  the  inelastic  strain  increases. 
The  hardening  in  this  evolution  equation  is  given  by  the  term  D2exp{-nyR). 
No  recovery,  dynamic  or  static,  has  been  included  in  the  drag  stress 
growth  law . 
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Nonlinear  kinematic  hardening  and  the  Bauschinger  effect  are  repre¬ 
sented  by  the  back  stress.  The  growth  law  for  the  back  stress,  eq.  (7), 
includes  hardening  via  the  term  nje1.  Dynamic  recovery  is  modelled 
by  the  term  B[n3+n4exp{ -nsR)  ,  and  the  term  Bng  models  the  back  stress 
static  thermal  recovery. 

EXPERIMENTAL  PROGRAM 

This  section  details  the  experimental  program  used  for  developing 
isothermal  uniaxial  constitutive  data  for  Hastelloy  X.  Data  were  obtained 
for  temperatures  of  1100  and  1700oF  using  four  different  mechanical 
testing  modes.  These  include  monotonic  tension,  fully  reversed  cyclic, 
stress  drop,  and  complex  history  experiments.  In  the  following  paragraphs 
both  the  procedures  and  apparatus  used  to  conduct  these  experiments  are 
presented. 

Experimental  Procedures 

A.11  of  the  tests  performed  during  this  program  were  carried  out  in  the 
Solid  Mechanics  Laboratory  of  the  Aerospace  Engineering  Department  at 
Texas  A&M  University  using  an  MTS  880  servo -hydraulic  closed-loop  testing 
machine.  The  load  frame  was  configured  with  a  closed- loop  heating  cham¬ 
ber,  water-cooled  hydraulic  grips,  an  externally  mounted  load  cell,  an 
ax^a^-  extensometer ,  and  a  mini  computer  for  controlling  testing  oper¬ 
ations.  The  heating  chamber  had  a  maximum  operating  range  of  180°F  and 
was  of  the  three  zone,  resistive  heating,  clam  shell  type  design.  Tempera¬ 
ture  feedback  for  each  longitudinal  set  of  heating  coils  was  provided  by 
24/28  gauge  K-type  bead  welded  thermocouple  wire.  The  temperature  at  the 
center  of  each  zone  was  monitored  by  its  own  process  and  power  controller 
and  enabled  the  user  to  establish  and  maintain  a  soatiallv  uniform 
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temperature  profile  (within  ASTM  specifications  for  a  short  term  test) 
along  the  gauge  length  of  the  specimen.  A  set  of  Fiberfrax®  insulating 
plugs  placed  on  the  top  and  bottom  access  ports  of  the  furnace  and  grips 
which  extended  into  the  hot  zone  were  used  to  reduce  and/or  minimize  the 
effect  of  convective  and  conductive  heat  losses,  respectively. 

A  high  temperature  specimen  grip  system  was  utilized  for  this  series 
of  experiments  and,  as  stated  above,  extended  into  the  main  body  of  the 
furnace.  The  grips  were  designed  to  accept  threaded  type  specimens 
through  the  use  of  an  inside/outside  threaded  adapter.  Backlash  in  the 
specimen/adapter  assembly  was  removed  via  a  hydraulically  operated  piston 
which  could  be  loaded  to  a  specified  amount.  Grip  alignment  was  performed 
prior  to  and  during  testing  (failure  of  one  of  the  specimen  adapters 
necessitated  a  realignment  during  the  course  of  the  experimental  program) . 
This  included  a  check  of  both  concentricity  and  angularity  of  the  load 
train  with  respect  to  the  actuator  rod  movement.  The  alignment  procedure 
yielded  a  total  indicated  run-out  of  0.0008"  at  an  angle  of  0.022°,  as 
measured  by  a  digital  dial  indicator  accurate  to  0.00005".  However,  since 
the  adapter  assembly  contained  a  number  of  threaded  components ,  it  was  not 
reasonable  to  expect  any  degree  of  repeatability  of  these  measured  quanti¬ 
ties,  however;  they  are  stated  for  the  sake  of  completeness.  It  should 
also  be  noted  that  there  was  no  explicit  measurement  of  specimen  bending 
strains  to  ensure  compliance  with  ASTM  specifications. 

The  primary  measured  data  of  interest  included  load,  displacement,  and 
temperature.  The  load  data  were  obtained  via  a  10  KIP  load  cell  mounted 
in  the  load  train.  Displacement  data  were  measured  using  a  one  inch  gauge 
length,  air  cooled,  axial  extensomenter .  The  extensometer  was  mounted 
outside  the  furnace  and  used  a  set  of  conical  timed  cuartz  extender  rods 


9 


to  make  contact:  with ~the  specimen.  Signal  conditioning  for  both  of  these 
transducers  was  part  of  the  MTS  880  load  frame  system  and  possessed  a  mul¬ 
tiple  range  select  feature  which  provided  maximum  data  resolution.  Load 
and  displacement  data  were  measured  using  a  12  bit  A/D  system  which  had  a 
±5  mV  resolution  and  was  an  integral  part  of  the  controlling  and  measuring 
computer  system.  Temperature  data  were  obtained  using  three  24/28  gauge  K 
type  thermocouples  equally  spaced  along  the  gauge  length  of  the  specimen. 
The  theromocouples  were  connected  to  a  multi-channel  digital  thermometer 
which  was  not  an  integral  part  of  the  A/L  measuring  system.  Therefore, 
temperature  data  were  not  automatically  recorded  on  a  regular  basis,  as 
were  the  load  and  displacement  measurements.  Instead,  temperature  values 
at  the  beginning  of  a  test  were  entered  by  hand  into  the  data  acquisition 
program  and  simply  monitored  thereafter.  The  thermocouples  were  attached 
to  the  specimen  using  the  self-supporting  method.  This  method  of  attach¬ 
ment  provided  sufficient  thermal  contact  with  the  material  to  yield 
accurate  temperature  measurements  and  did  not  flaw  the  specimen  (which  in 
general  can  result  in  premature  failure),  as  is  common  with  welding  ther¬ 
mocouples  to  the  surface. 

The  Hastelloy  X  material  used  to  fabricate  the  specimens  was  purchased 
in  bar  stock  form  (heat  ID  2G6782)  from  Atek  Metals  Center  of  Houston 
Texas.  This  was  a  solution  strengthened  material  conforming  to  ASM  speci¬ 
fication  number  5754H.  The  design  of  the  specimen  was  that  of  a  standard, 
constant  gauge  section,  low  cycle  fatigue  geometry  having  a  nominal  one 
inch  gauge  length  and  quarter  inch  diameter  circular  cross-section.  The 
specimens  were  fabricated  to  meet  ASTM  E606-77T  specifications  except  for 
i~ne  surface  rinish  and  post  machining  heat  treatment.  A  32u  finish  was 
used  instead  of  the  typical  Bu  for  cost  considerations .  Ir.  addition,  the 
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specimens  were  used  in  an  "as  received"  condition  with  no  additional  heat 
treatment  to  remove  microstructural  damage  resulting  from  the  machining 
process . 

A  total  of  27  tests  were  conducted  in  fulfillment  of  this  isothermal 
constitutive  test  program.  Two  cyclic  tests  were  carried  out  at  1200  and 
1600°F,  respectively,  and  served  as  a  basis  of  comparison  to  previously 
obtained  data  and  for  uniaxial  constitutive  code  verification.  Specific 
details  of  the  remaining  25  experiments  are  as  follows.  Monotonic  tension 
and  fully  reversed  cyclic  tests  were  performed  at  1100  and  1700°F,  using  a 
variety  of  strain  rates,  ranging  from  IxlO*5  to  2xl0*3  sec*1,  under  strain 
controlled  conditions.  Strain  amplitudes  for  the  tension  and  cyclic  test 
were  4.0%  and  0.8%,  respectively.  However,  the  strain  amplitude  of  0.8% 
was  subsequently  reduced  to  0.4%  during  the  course  of  the  1100 °F  exper¬ 
iments  because  specimen  buckling  became  a  problem.  This  was  apparently 
the  result  of  a  material  instability  at  the  selected  temperature  and 
strain  rate. 

The  fully  reversed  cyclic  experiments  were  carried  out  until  a  satu¬ 
rated  condition  was  achieved.  For  the  purpose  of  this  test  program, 
cyclic  saturation  was  defined  as  a  change  in  stress  amplitude  of  less  than 
100  psi,  from  one  cycle  to  the  next.  The  stress  drop  tests,  used  to  mea¬ 
sure  values  of  back  stress,  were  performed  by  inserting  a  hold  time  on  the 
unloading  branch  of  a  fully  reversed  saturated  hysteresis  loop,  and  moni¬ 
toring  the  creep  response.  When  positive  creep  was  observed,  the  hold 
stress  was  greater  than  the  back  stress  and  vice  versa,  when  negative 
creep  was  seen.  Since  it  is  very  difficult  to  obtain  the  exact  hold 
stress  which  results  in  no  creep,  the  general  procedure  was  to  bracket  the 
positive  and  negative  creep  responses  and  use  a  linear  regression  scheme 
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to  estimate  the  values  of  the  back  stress.  Additional  stress  drops  were 
made  on  a  specimen  after  it  had  been  recycled  to  saturated  condition. 

Finally,  two  experiments,  one  each  at  1100  and  1700° F,  were  performed 
in  order  to  verify  the  predictive  capabilities  of  the  constitutive  models 
considered  herein.  These  complex  history'  tests  included  mechanical 
effects  such  as  strain  rate  jumps,  relaxation,  cyclic  behavior,  and  strain 
holds.  A  listing  of  each  segment  defining  these  experiments  can  be  found 
in  Table  1.  In  conclusion,  a  complete  summary  of  the  entire  test  matrix 
can  be  found  in  Table  2. 

Experimental  P^esults 

Based  upon  an  inspection  of  the  experimental  data  presented  in  Figs . 
1-4,  the  following  general  observations  can  be  made  regarding  the  behavior 
of  Hastelloy  X  at  1100  and  1700®F.  For  the  range  of  temperatures  tested, 
the  material  exhibits  a  positive  strain  rate  sensitivity,  that  is,  stress 
amplitude  increases  with  an  increase  in  strain  rate  (see  Figs.  1  and  3). 
However,  Fig.  1  also  shows  that  there  is  an  inversion  of  the  rate 
sensitivity  between  a  strain  rate  of  10"^  and  10"  ^  sec'^,  which  would 
indicate  that  strain  aging  effects  are  present  at  1100°F  (Strain  aging  is 
a  thermally  activated  solute  effect  which  generally  changes  the  rate  sen¬ 
sitivity  of  a  material).  Tnis  phenomenon  is  further  demonstrated  in  Fig. 

2  and  appears  to  be  more  pronounced  once  the  material  undergoes  cyclic 
deformation.  While  no  explanation  for  this  type  of  behavior  can  be  made, 
other  researchers  [2]  have  reported  that  the  rate  sensitivity  changes 
from  negative  to  positive  between  1000  and  1200°F.  Therefore,  one  can 
conclude  that  the  material  is  undergoing  a  significant  microstructural 
change  in  this  temperature  range  which  may  result  in  the  strain  aging 
effect  observed  herein. 
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The  fully -reversed  hysteresis  loop  data,  shown  in  Figs.  2  and  4, 
indicate  that  Hastelloy  X  undergoes  cyclic  hardening  up  through  1600 °F  and 
cyclic  softening  thereafter.  The  amount  of  hardening  and/or  softening,  as 
indicated  by  the  difference  between  peak  stress  levels  at  initial  loading 
and  cyclic  saturation,  appears  to  be  a  function  of  both  temperature  and 
strain  rate  and,  in  general,  increases  with  strain  rate,  but  decreases 
with  temperature.  This  type  of  material  response  is  again  typical  of  that 
reported  by  other  researches  [2].  In  addition,  the  saturated  cyclic  data 
can  also  be  used  to  make  one  other  observation  regarding  symmetry  of  the 
data  in  tension  and  compression.  A  Bauschinger-like  effect  was  noted 
during  testing,  which  resulted  in  an  asymmetric  cyclic  response  with 
respect  to  the  strain  axis  as  the  material  was  going  through  its  initial 
cycling.  However,  no  specific  trends  were  observed  regarding  this 
asymmetry  as  a  function  of  strain  rate  or  temperature.  In  addition,  as  a 
saturated  condition  was  achieved,  the  material  generally  exhibited  little 
or  no  asymmetric  characteristics.  This  is  contrary  to  what  has  been 
previously  reported  in  the  literature  [2] ,  wherein  Hastelloy  X  is  shown 
to  have  a  higher  stress  amplitude  in  compression  than  in  tension.  It  is 
believed  however,  that  this  discrepancy  is  simply  a  result  of  how  long 
the  material  was  cycled  and  therefore  does  not  represent  a  significant 
constitutive  behavior  variation. 


MATERIAL  PARAMETER  EVALUATION 

Evaluation  of  the  material  parameters  for  the  unified  constitutive 
theories  represents  one  of  the  most  difficult  aspects  of  their 


implementation .  These  difficulties  generally  stem  from  the  fact  that  a 
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constant- cannot*  always -be  achieved  as  well  in  the  laboratory.  Thus, 
without  accurate  constants,  characterizing  material  behavior,  even  with 
the  best  of  models  is  not  possible.  To  this  end,  one  can  take  several 
approaches:  1)  make  use  of  least  squares  optimization  techniques  and 
neglect  the  real  physical  aspects  of  the  theory;  2)  simplify  or  recast 
the  original  constitutive  equations,  through  a  series  of  judicious 
assumptions,  so  that  the  different  phenomena  being  modelled  can  be 
individually  examined;  and  3)  numerically  integrate  the  nonlinear  form  of 
the  theories  directly,  using  physical  incite,  as  well  as  knowledge  cf  the 
equations  in  an  iterative  approach,  incrementing  the  parameters  until 
acceptable  values  are  determined.  The  first  approach  mentioned  above  may 
provide  constants  which  adequately  predict  material  behavior  within  the 
limits  of  the  data  base  used  to  generate  them.  However,  there  is  no 
guarantee  that  under  more  complex  conditions  accurate  results  will  be 
obtained.  The  second  approach,  on  the  other  hand,  represents  the  present 
and  more  traditional  form  of  determining  the  material  parameters . 

However,  obtaining  unique  values  of  the  constants  directly  from  a 
discretization  and  linearization  of  the  constitutive  equations  generally 
requires  additional  data  manipulation  in  order  to  accurately  characterize 
a  given  material  response  [20],  Therefore,  presented  below  is  the  third 
method,  which  is  a  simpler  and  much  less  time  consuming  iterative  style 
procedure  for  determining  the  material  parameters . 

The  iterative  method  described  herein  attempts  to  provide  the  reader 
with  physical  incite  about  the  various  parameters  used  in  both  the 
Bodner  and  Walker  theories,  so  that  final  forms  of  the  constants  can  be 
obtained  directly  by  this  method.  The  procedure  requires  the  user  to 
assume  some  initial  estimates  of  the  constants,  based  ucor.  a  kr.oviedce  cf 
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the  material  and  model  behavior,  in  order  to  begin  the  process. 

Computer  Iterations 

A  detailed  explanation  of  the  order  of  determination  of  parameters, 
experimental  data  requirements,  and  a  description  of  the  constants  for 
each  model  will  be  presented  later.  However,  some  general  observations 
can  be  made  which  are  applicable  to  other  models  as  well.  The  order  ir. 
which  the  material  parameters  are  evaluated  is  an  important  factor  in 
determining  the  ease  and  speed  at  which  these  constants  are  obtained.  The 
hardening  parameters  were  determined  first,  and  the  recovery  constants 
determined  last,  with  the  order  within  these  categories  being  determined 
by  the  amount  of  influence  each  constant  had.  The  constants  with  the  most 
effect  were  determined  first.  Experimental  data  requirements  were  both 
high  and  low  strain  rate  tests.  The  hardening  constants  required  th<_  use 
of  the  experimental  results  from  high  strain  rate  tests.  These  tests  were 
used  based  on  the  assumption  that  at  high  strain  rates  the  thermal 
recovery  is  negligible.  The  recovery  constants  were  evaluated  using  slow 
strain  rate  tests  based  on  the  same  previously  mentioned  assumption. 

The  first  step  in  the  evaluation  of  the  material  parameters  was  to 
study  experimental  data  in  order  to  determine  points  on  the  curve  at  which 
it  was  desired  for  the  model  to  predict  most  accurately.  In  this  case, 
the  points  most  generally  used  were  a  point  directly  following  yield,  a 
point  in  the  middle  of  the  plastic  behavior,  and  the  maximum  and  minimum 
strain  amplitudes.  The  general  shape  and  cyclic  hardening  or  softening 
characteristics  were  also  observed,  as  well  as  strain  rate  sensitivity, 
and  thermal  recovery  behavior.  Studying  the  experimental  data  and  becom¬ 
ing  familiar  with  it  was  found  to  be  verv  important  for  determining  the 
constants  most  expeditious iv .  The  information  obtained  from  the  aoo\e 
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observations  was  used  to  develop  a  physical  feel  for  each  of  the  constants 
and  their  influence  on  the  model. 

All  of  the  constants  for  these  models,  except  the  elastic  modulus,  E, 
were  obtained  starting  with  provisional  values  and  using  an  iterative 
procedure.  The  iterative  procedure  began  by  first  assigning  a  value  of 
zero  to  all  of  the  constants  except  for  the  exponents .  Initial  valuer,  tor 
the  exponents  were  selected  so  as  to  avoid  any  numerical  overflow  condi¬ 
tions.  The  iteration  proceeded  by  assuming  a  provisional  value  of  one 
constant,  and  adjusting  that  constant  until  satisfactory  results  were 
obtained.  Satisfactory'  results  in  this  case  implies  that  a  desired  stress 
amplitude  for  a  given  strain  point  was  achieved  using  the  constants 
invoked  at  that  time.  Next,  another  constant  was  given  a  value  and 
subsequently  adjusted.  Each  time  another  constant  was  enabled  or  a 
different  experiment  was  used,  all  provisional  values  of  constants  were 
updated.  Iteration  proceeded  in  this  manner  until  all  applicable  con¬ 
stants  were  evaluated  and  the  experimental  data  was  satisfactorily  pre¬ 
dicted  for  the  required  tests.  It  should  be  noted  that  when  iterating 
between  a  fast  and  a  slow  strain  rate  test,  care  should  be  taken  not  to 
update  the  hardening  constants  too  much.  It  was  found  that 
"over-updating"  these  constants  caused  problems  when  switching  between 
these  tests,  which  resulted  in  performing  unnecessary  iterations. 

Bodner  Model:  The  iterative  procedure  for  this  model  began  by  evalu¬ 
ating  the  isotropic  hardening  constants .  Zq  was  the  first  parameter  of 
interest  and  represents  the  initial  value  of  the  isotropic  hardening  vari¬ 
able.  This  constant  is  seen  to  affect  the  yield  point  location,  translat¬ 
ing  it  up  or  down  the  stress  axis  as  shown  in  Fig.  5a.  In  addition,  this 
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(Zq<Z^)  or  softening  (Zq>Zi)  will  be  modeled.  The  strain  rate  exponent, 
n,  was  determined  next.  This  constant  appears  to  be  related  to  the  velo¬ 
city  of  dislocations  in  the  crystalline  lattice  [1]  and  as  a  result,  is 
highly  temperature  dependent.  In  general,  this  constant  is  determined 
using  rapid  strain  rate  data,  where  thermal  recovery  effect-;  are  not 
present.  This  parameter  physically  shows  the  dependence  of  the  flow  stress 
with  strain  rate  and  affects  the  predicted  stress-strain  response  as  shown 
in  Fig.  5b,  noting  that  the  yield  point  does  not  change,  but  rather  the 
rate  at  which  a  saturated  value  of  the  flow  stress  is  attained.  The 
limiting  or  maximum  value  of  the  isotropic  hardening  variable,  Zt_,  is  used 
to  raise  or  lower  the  stress  amplitudes  during  cyclic  hardening  and 
softening,  respectively,  and  was  set  next.  Figure  5c  show's  the  effect  of 
changing  Z^  for  a  given  value  of  Z q.  The  last  of  the  isotropic  hardening 
constants,  m]_,  was  then  determined.  This  parameter  is  seen  to  affect  the 
rate  at  which  D  reaches  a  saturated  condition.  In  general,  once  the 
inelastic  strain  becomes  significant,  increasing  the  value  of  m^_  makes 
da/de  larger  and  vice  versa,  as  shown  in  Fig.  6a.  Some  summary 
observations  regarding  these  three  hardening  constants  are  that  the 
difference  between  Zq  and  Z]_,  in  conjunction  with  mj_ ,  sets  the  rate  and 
amount  of  cyclic  hardening/softening.  However,  Zq  alone  determines  the 
initial  yield  point,  whereas  Z]_  sets  an  upper  limit  on  the  predicted 
stress  levels.  The  constant  m^ ,  on  the  other  hand,  the  rate  at  which 
these  conditions  are  met. 

Values  of  the  directional  hardening  evolution  equation  were  determined 
next.  The  limiting  value  of  the  directional  hardening,  Z3 ,  was  found 
first  using  a  provisional  value  of  mo.  Tne  purpose  of  this  hardening  term 
is  mair.lv  to  account  for  a  Bauschinasr  tvte  effect,  cut  vac  also  seen,  a: 
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introduce  a  more  nonlinear  stress-strain  response.  Z3,  coupled  with 
and  m3,  the  directional  hardening  rate  coefficient  and  shape  factor  con¬ 
stants,  respectively,  tend  to  add  more  shape  to  the  predicted  behavior, 
reducing  the  typical  "oversquare"  problem  associated  with  many  other  mod¬ 
els  (see  Fig.  6b) . 

The  thermal  recovery  constants  were  the  last  parameters  to  be  deter¬ 
mined.  As  a  general  rule,  the  value  of  Zo ,  which  represents  the  fully 
recovered  value  of  isotropic  hardening,  is  simply  set  to  that  of  Zq  as  was 
the  case  during  this  iterative  procedure.  The  value  of  A]_ ,  the  recovery 
coefficient  for  isotropic  hardening,  was  then  determined  using  a  provi¬ 
sional  value  of  r^.  This  constant  is  seen  to  be  most  effective  once  B  is 
of  sufficient  strength;  that  is,  once  a  significant  amount  of  plastic 
deformation  has  occurred.  Adjusting  the  value  of  A^  should  be  performed 
with  slow  strain  rate  test  data  when  recovery  mechanisms  are  generally 
active.  Figure  6c  depicts  the  effect  of  varying  At ,  noting  that  this 
constant  has  little  influence  at  the  low  inelastic  strain  levels.  However, 
under  cyclic  conditions  this  parameter  will  reduce  the  overall  stress 
amplitudes  appreciably  as  its  value  is  increased.  The  recovery7  coeffi¬ 
cient  r^  was  then  found.  Figure  6d  shows  the  effect  of  increasing  r]_  for 
a  given  value  of  A^  and  basically  indicates  that  increasing  the  value  of 
this  coefficient  enhances  the  rate  of  application  of  recovery  (i.e., 
active  at  lower  plastic  strain  values).  Chan  [13]  reports  that  for  most 
metallic  materials ,  the  value  of  r^  can  be  set  to  a  number  between  2  and 
3.  Lastly,  the  directional  hardening  recovery  parameters  are,  in  general, 
set  equal  to  the  respective  isotropic  constants. 

Walker's  Model:  First,  the  hardening  parameters  were  investigated, 
beginning  with  L- .  This  constant  represents  the  crag  stress  or  isctrctis 
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hardening.  Adjustment  of  this  constant  results  in  changing- the  height  of 
the  stress -strain  curve.  Increasing  raises  the  stress  level,  whereas 
decreasing  the  values  lowers  the  stress  response.  Next,  the  strain  rate 
sensitivity  parameter,  n,  was  put  into  play.  The  effect  of  adjusting  the 
value  of  n  on  the  stress  -  strain  response  shown  in  Fig.  7a.  This  value  was 
adjusted  based  on  experimental  observations  of  the  strain  rate 
sensitivity.  Next,  the  back  stress  or  kinematic  hardening  parameters,  m 
and  n2 ,  were  enabled.  The  combination  n^+n2  was  found  to  determine  the 
shape  of  the  curve  as  shown  in  Fig.  7b.  The  value  of  n^  adjusts  the  slope 
of  the  stress-strain  curve  after  yield.  For  this  material,  n.j  had 
negligible  effect  and  was  therefore  disabled.  Figure  8  shows  the  effect 
of  n2  on  the  curve.  Since  the  material  behavior  studied  was  governed  by 
hardening  effects  for  the  most  part,  n2  was  found  to  be  very  important  in 
the  prediction  of  this  material  response. 

Next,  the  values  for  the  recovery  constants  were  obtained.  First,  the 
parameter  Bq  was  initialized,  which  accounts  for  the  difference  between 
tensile  and  compressive  creep.  The  effects  of  adjusting  this  parameter  are 
shown  in  Fig.  9.  The  exponent  on  the  back  stress  thermal  recovery  term, 
m,  was  then  evaluated.  The  results  of  manipulating  this  constant  are  shown 
m  Fig.  10.  The  back  stress  recovery  constant,  n3  was  then  investigated. 
This  constant  was  seen  to  be  responsible  for  the  Bauschinger  effect. 
Adjusting  n3  effected  the  asymmetry  of  the  stress  strain  response,  as 
shown  in  Fig.  11.  Observation  of  the  experimental  data  showed  that  the 
data  exhibited  no  Bauschinger  effect.  Therefore,  this  parameter  was  not 
enabled.  Next,  the  constants  D9  and  np ,  were  simultaneousiv  evaluated. 
These  constants  allow  the  model  to  tredicc  isotropic  cvclic  harden- 
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saturated  stress  level  and  the  opposite  trend  results  when  D2  is 
decreased.  The  constant  n 7  simply  appears  to  magnify  the  stated  trends  of 
D2.  This  trend  is  shown  in  Fig.  12.  From  the  investigation  of  experimental 
data  it  was  observed  that  enabling  these  constants  did  not  produce 
accurate  predictions  of  cyclic  response.  It  was  therefore  concluded  that 
these  constants  have  little  effect  on  the  response  for  this  material .  anc 
they  were  subsequently  disabled.  The  ability  of  this  model  to  predict 
cyclic  hardening  and  softening  will  be  addressed  later. 

Next,  the  parameters  n^  and  n$  were  investigated.  These  parameters 
account  for  dynamic  recovery  of  the  back  stress.  Fig.  13a  shows  the 
effect  that  n^  has  on  the  stress -strain  response  with  the  value  of  n5 
serving  as  a  magnifier  of  this  term.  In  this  figure  it  can  be  seen  that 
the  material  exhibits  tri- linear  behavior  when  n^  is  decreased.  This 
behavior  can  be  explained  by  the  fact  that  decreasing  the  value  of  n4 
results  in  a  decrease  in  the  amount  of  dynamic  recovery',  thus  leaving  onlv 
static  thermal  recovery.  The  first  linear  portion  of  the  curve  is  the 
elastic  loading  region.  The  second  linear  portion  of  the  curve  comes  about 
because  thermal  recovery  is  small  at  the  onset  of  inelastic  behavior  and 
thus,  the  back  stress  grows  linearly  with  strain.  The  final  portion  of  the 
trilmear  curve  results  when  the  back  stress  becomes  large  enough  to 
activate  thermal  recovery'.  The  thermal  recovery  term  increases  until  it 
balances  out  the  linear  hardening  term.  However,  because  this  material 
exhibited  little  recovery,  these  constants  were  found  to  be  unnecessary, 
and  were  subsequently  disabled.  Finally,  the  constant  ng  was  evaluated, 
which  accounts  for  thermal  recovery  of  back  stress  hardening.  The  effect 
of  varying  ng  is  shown  in  Fig.  13b.  This  constant  was  found  to  be 
unnecessary  because  the  material  showed  or.lv  a  small  amount  of  thermal 
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recovery,  and  itrwasiset  to  rero.  The  material  parameters  for  both  the 
Bodner  and  Walker  models  were  obtained  for  Hastelloy  X  at  1100  and  1700*F, 
using  the  computer  iteration  scheme.  Provisional  values  of  the  constants 
were  established  using  a  knowledge  of  the  material  behavior  and  model 
characteristics  as  a  guideline.  Final  values  of  the  parameters  can  be 
seen  in  Tables  3  and  4.  In  the  following  section,  the  abilitv  of  these 
models/constants  to  predict  the  behavior  of  Hastelloy  X  under  more  complex 
conditions  will  be  investigated. 

RESULTS 

This  section  provides  results ,  which  show  the  response  and  predictive 
capabilities  of  Bodner 's  and  Walker's  theory  for  Hastelloy  X.  Experimen¬ 
tal  data,  as  well  as  material  parameters  obtained  by  the  iterative 
procedure  described  herein  for  temperatures  of  1100  and  1700°F,  are  used 
as  the  basis  of  comparison. 

Figure  14  presents  the  response  of  both  models  at  1100°F  in  comparison 
to  the  experimental  data.  Bodner' s  theory  models  the  behavior  of  Hastelloy 
at  1100°F  fairly  well.  However,  significant  discrepancy  can  be  found  in 
the  estimation  of  the  sharpness  and  height  of  the  initial  yield  point.  The 
smoothness  of  the  response  characterized  by  Bodner 's  model  is  governed  by 
the  kinematic  hardening  variable  term  in  eq  (2)  .  For  this  application,  it 
was  found  that  the  parameter  m3  helps  to  smooth  the  response  as  its  value 
is  increased.  However,  referring  to  eq.  (5),  it  can  be  seen  that  this 
constant  will  result  in  numerical  difficulties  if  increased  too  much. 

Thus,  it  was  concluded  that  the  sharpness  of  this  response  is  due  to  the 
tact  that  m3  could  not  be  raised  to  a  large  enough  value .  The  cause  of 
underestimation  cf  the  vielc  ncir.t  car.  be  seer,  b"  enanir.ir.z  Sooner  0  eve- 
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lution  law  for  isotropic  hardening,  eq.  (3).  The  constant  Zq,  the  initial 
value  of  the  isotropic  hardening  parameter,  sets  the  value  of  the  initial 
yield  point.  However,  the  value  of  Zq  must  also  be  low  enough  for  the 
term  (Z]_  -  D)  to  account  for  cyclic  hardening.  Therefore,  a  compromise 
was  reached  that  allowed  for  characterization  of  both  responses .  Other 
researchers  also  experienced  similar  problems  when  working  with  this 
material  [ 21 ]  . 

Walker's  model  generally  overestimated  the  stress  levels  for  the  first 
quarter  cycle  by  as  much  as  50  percent  (e  -  1.19E-03  sec'1).  This 

overestimation  can  be  explained  by  the  fact  that  Hastelloy  X  cyclically 
hardens  at  1100°F.  Walker's  model  was  unable  to  accurately  predict  cyclic 
hardening/softening  effects,  primarily  because  the  constants  D2 ,  and  ny , 
which  govern  this  behavior,  were  found  to  be  ineffective  for  the  case 
studied.  Disabling  these  parameters  causes  the  evolution  law  for  the  drag 
stress,  eq.  (7),  to  be  a  constant.  Therefore,  the  stress  response  was 
forced  to  be  near  the  cyclically  saturated  stress  level.  Walker  also 
found  that  his  model  did  not  accurately  characterize  monotonic  tension 
behavior  of  this  material  at  other  temperatures  [2], 

Figures  15  shows  a  comparison  of  the  initial  response  of  both  models 
to  experiments  at  1700°  F.  For  this  case,  Bodner's  model  is  seen  to 
underestimate  the  stress  response  for  the  high  strain  rate  test,  and 
overestimate  for  the  slow  strain  rate  test,  with  the  yield  point  staying 
approximately  the  same.  This  response  is  explained  by  observing  that  a 
fairly  rigid  upward  shift  of  the  experimental  curve  occurs  with  increasing 
strain  rate.  Recall  that  the  parameter,  Zq,  is  set  at  a  value  which  allows 
both  the  yield  point  and  cyclic  hardening/softening  characteristics  to  be 
eog£_j .ec  'See  Fig.  5a.  .  In  addition,  the  constant,  n.  which  accounts  fcr 


22 


strain- rate  sensitivity,  does  not  respond  to  changes  in  strain  rate  by 
rigidly  shifting  the  entire  curve.  Thus,  once  the  parameter  Zq  is  set, 
attempts  at  modelling  the  peak  stress  amplitude  result  in  changing  the 
rate  at  which  the  flow  stress  saturates. 

Walker's  model  characterizes  the  first  quarter  cycle  at  1700°F  well. 

It  can  be  seen  that  Hastellov  X  cyclically  softens  or.!'-  slightly  at  1700 : 
F,  and  therefore,  the  initial  stress  level  is  near  the  final  saturated 
stress  value.  Thus,  the  model  does  not  have  to  capture  a  large  cyclic 
softening  response.  This  theory  models  the  material  behavior  at  high 
strain  rates  (Fig.  15)  even  more  accurately  because  the  assumption  is  made 
that  at  high  strain  rates  thermal  recovery  is  negligible.  With  nv<  thermal 
recovery,  even  less  softening  occurs,  and  the  initial  value  is  almost 
exactly  the  same  as  the  saturated  stress  level.  As  the  strain  rate  is 
decreased,  thermal  recovery  is  initiated,  causing  more  softening. 
Therefore,  Walker's  model  begins  to  overestimate  slightly  with  decreasing 
strain  rate. 

The  cyclic  response  at  HOOT  is  shown  in  Fig.  16.  As  was  previously 
discussed  in  the  experimental  section,  this  material  was  shown  to  display 
the  strain  aging  phenomenon  at  this  temperature  (See  Fig.  2).  Therefore, 
it  should  first  be  noted  that  the  forms  of  both  models  used  in  this  study 
did  not  incorporate  strain  aging  correction  terms,  and  thus,  the  strain 
aging  effects  are  not  accurately  captured.  In  general,  the  peak  saturated 
hysteresis  values  for  high  and  low  strain  rate  tests  were  accurately  mod¬ 
elled.  However,  for  intermediate  cases,  the  stress  levels  were  overesti¬ 
mated.  This  response  is  presumably  the  result  of  the  strain  aging  phe¬ 
nomenon,  as  shown  in  Fig.  2.  However,  it  can  be  seen  that  ever,  with  the 
strain  aging  effects,  Bocner's  theory  is  capable  cf  modeling  the  general 
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shape,  the  yield  point,  and  saturated  stress  levels  for  this  application. 

On  the  other  hand,  Walker's  model  demonstrates  some  difficulty  in  mod¬ 
elling  the  general  form  of  the  curve  for  the  slow  strain  rate  test,  and 
presents  an  "oversquare"  response.  In  order  to  explain  the  inability  to 
model  the  form,  it  should  be  noted  that  the  curve  changer  considerably 
from  hign  tc  low  strain  rate  tests.  For  the  form  of  Walker's  model  used 
herein,  only  one  parameter,  n2 ,  is  available  to  govern  this  type  of  shape 
change  (See  Figure  8).  Thus,  modeling  two  curves  which  are  very  different 
in  form  is  difficult.  “Oversquareness"  of  the  response  is  typical  of 
Walker's  model  at  slow  strain  rates,  as  was  demonstrated  by  Walker  [2] . 

Figure  17  presents  the  cyclic  response  cf  both  models,  in  comparison 
with  measured  values,  at  1700°F.  For  this  case  it  is  seen  that  Walker's 
model  accurately  characterizes  the  material  behavior.  Bodner's  model 
predicts  well  also,  but  has  a  few  discrepancies  resulting  from  the  same 
problems  as  were  discussed  for  the  initial  load  up  case.  Specifically, 
Bodner's  model  overestimates  at  the  slow  strain  rate  and  underestimates  at 
the  high  strain  rate. 

Figures  18  and  19  demonstrate  the  predictive  capabilities  of  the 
models  compared  to  complex  history  tests  performed  on  Hastelloy  X  at 
1700°F.  Experimental  results  were  compared  to  Bodner's  theory  at  1700°F, 
as  seen  in  Fig.  18.  This  figure  shows  that  Bodner's  model  predicts  an 
extremely  "oversquare"  response.  This  response  is  not  in  keeping  with  the 
observations  made  previously  in  this  study,  where  Bodner's  theory 
accurately  represented  the  general  shape  of  the  stress  -  strain  curve.  Also, 
this  model  demonstrates  insensitivity  to  ■'elaxatior.  and  strain  rate  jumDs. 
This  response  is  contrary  to  information  river,  bv  Bocr.er  ’  1 '  .  where  it  is 
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enables  the  model  to  better  predict  strain  rate  jump  behavior.  This 
inconsistency  is  possibly  due  to  the  fact  that  the  hardening  terms  in  the 
evolution  equations,  eq.  (2)  and  eq .  (3),  saturate  too  quickly. 

Figure  19  presents  a  comparison  of  Walker's  theory  to  measured  values 
at  1700°F.  Walker's  model  predicts  the  overall  response  accurately, 
including  general  shape,  strain  jumps,  and  relaxation.  This  outcome  is 
congruent  with  previous  results . 


CONCLUSIONS 

The  purpose  of  this  research  was  to  perform  an  analysis  of  the  ability 
of  the  Bodner  and  Walker  theories  to  model  the  behavior  of  Hastellov  X  at 
1100  and  1700°F  using  experimentally  obtained  data  as  a  basis.  The 
constitutive  behavior  of  the  material  was  characterized  using  material 
parameters  determined  by  a  simple  iterative  approach  described  previously. 
This  iterative  approach  appears  to  be  a  viable  alternative  to  the  more 
traditional  evaluation  methods  used  by  other  researchers.  In  addition, 
listed  below  are  some  other  pertinent  conclusions: 

1)  The  main  objective  of  the  experimental  program  was  to  obtain 
uniaxial  test  data  for  Hastelloy  X  at  1100  and  1700 'F  and  it  is  believed 
that  this  has  been  achieved.  However,  at  these  temperatures  significant 
microstructural  changes  in  the  material  are  taking  place.  Since  the  form 
of  the  constitutive  theories  considered  herein  cannot  accurately  predict 
the  type  of  transient  phenomena  observed,  evaluation  of  the  material 
parameters  was  made  more  difficult.  In  retrospect  therefore,  utilizing 
the  models  considered  herein  at  these  temDeratures  is  not  advisable. 

2)  Both  models  tail  to  accurately  characterize  the  initial  cuarter 
cycle  cf  a  hysteresis  loot,  when  the  material  exhibits  sitr.ificant  cvclis 
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hardening/softening  effects.  Bodner's  theory  demonstrated  more  capability 
to  model  the  growth  of  isotropic  hardening  than  did  Walker's  theory. 
However,  Bodner's  model  was  generally  unable  to  capture  the  yield  point 
properly. 

3)  Both  models  provided  a  good  representation  of  peak  stress 
amplitudes  of  the  fully  reversed  cyclic  experiments  at  1100  and 
However,  at  1100°F  Walker's  model  gave  an  "oversquare"  response.  This  was 
attributed  to  the  fact  that  strain  aging  effects  were  present  which 
significantly  altered  the  stress -strain  response  as  a  function  of  strain 
rate . 

4)  From  the  complex  history  experiments  at  1700°F,  it  is  seen  that 
Walker's  model  accurately  predicts  the  stress-strain  response  for  cyclic, 
strain  jumps,  and  relaxation  behavior.  Bodner's  model  on  the  other  hand, 
does  not  provide  an  adequate  simulation,  even  though  the  theory  was 
reported  to  be  capable  of  handling  these  types  of  conditions. 
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Table  1.  Complex  History  Test  Information. 


Strain  Rate 
(sec* 

Strain 

(%) 

Change  in 
Strain 
(%) 

Time 

(sec) 

Change  in 

Time 
( sec ) 

1. 90738E-05 

C.2 

0.2 

104.856 

104.856 

1 . 99795E-04 

0.3 

0.1 

109.860 

5.050 

1 . 99984E-03 

0.4 

0.1 

110.360 

0.500 

0 . 00000E-00 

0.4 

0.0 

301.010 

109.647 

1 . 90728E-06 

0.6 

0.2 

1349.370 

1048.560 

1 . 85969E-05 

0.3 

-0.3 

1510.890 

161.317 

0.00000E-00 

0.3 

0.0 

1859.410 

348.520 

1.85969E-05 

0.0 

-0.3 

2020.720 

161.517 

1 . 99989E-03 

-0.2 

-0.2 

2021.720 

1.000 

1 . 98367E-04 

-0.6 

-0.4 

2041.890 

20.165 

1. 98367E-04 

-0.2 

0.4 

2062.050 

20.165 

0 . OOOOOE-OO 

-0.2 

0.0 

2761.090 

699.040 

1 . 99798E-03 

0.3 

0.5 

2763.590 

2.502  : 

1.99798E-04 

0.4 

0.1 

2768.600 

5.005 

1 . 90738E-05 

0.6 

0.2 

2873.450 

104.856  i 

| 

1 . 71664E-03 

-0.6 

-1.2 

3572.490 

699.040 

5 . 72213E-04 

0.6 

1.2 

5669.610 

2097.120 

5 . 72213E-04 

-0.6 

-1.2 

7766.730 

2097.120 

5 . 77213E-04 

0.6 

1.2 

9863.850 

2097.120 

i 

Table  2.  Test  Matrix. 


Test 

Specimen 

Temp . 
(F) 

Strain 

Rate 

(sec*^) 

Strain 
Amp . 

(%) 

Type  of 
Test 

1 

4  !  4 

1100 

1  . 1921E-05 

O  Z 

Mnr>c*r'-r'’  " 

Tens:  i  or. 

5 

5 

1100 

1 . 1921E-05 

0.8 

Cyclic 

6 

6 

1700 

1 . 1921E-05 

0.8 

Cyclic 

i 

4 

1700 

1 . 2207E-04 

0 .  £ 

Cyclic 

s 

8 

1700 

1 . 1903E-03 

0.8 

Cyclic 

9 

9 

1700 

5 . 0362E-04 

0.8 

Stress 

Hold 

10  * 

10 

0.6 

Monotonic 

Tension 

11 

11 

1700 

1 . 1903E-03 

4.0 

Monotonic 

Tension 

12 

12 

1700 

j .  8148E-03 

0.8 

Cyclic 

13  * 

13 

1100 

3 . 8148E-03 

0.8 

Cyclic 

14 

14 

1100 

1 . 2207E-04 

0.8 

Cyclic 

15  * 

15 

1100 

1 . 1903E-03 

0.8 

Cyclic 

16 

16 

1100 

1. 1903E-03 

4.0 

Monotonic 

Tension 

17 

17 

18  * 

18 

1100 

1 . 1903E-03 

0.8 

Cvclic 

19 

19 

20 

20 

21 

21 

1100 

5 . 3047E-05 

0.8 

Stress 

Hold 

22  * 

22  * 

1100 

5 . 0362E-04 

0.8 

Cyclic 

23 

23 

1100 

5 . 0355E-04 

0.6 

Stress 

Hold 

24 

24 

1100 

1 . 1902E-03 

0.4 

Stress 

Hold 

25 

25 

26 

26 

27  (2 

27 

1100 

0.6 

Complex 

History 

28  @ 

28 

1700 

0.6 

Complex 

History 

Table  3.  Material  Parameters  for  Eodner's 
Model  at  1100*F  and  1700*F. 


Parameter 

1100°F 

- 1 

1700°F 

!  . 

m  ,  sec  - 

0 . 6500E-04 

0 . 6500E- 

A2  ,  sec'^- 

0 . 6500E-04 

0.6500E-04 

Dq,  sec'^ 

0. 1000E+05 

0. 1000E+05 

E,  psi 

0 . 2394E-08 

0 . 1900D+08 

rl 

0 . 9800E-00 

0 . 9800E-00 

r2 

0 . 9800E-00 

0 . 9800E-00 

mi  ,  psi"^- 

0 . 5500E-03 

0 . 5500E-03 

m2,  psi'l 

0 . 1100E-01 

0 . 1100E-02 

•  -1 

m3,  psi  x 

0 . 3477E-04 

0 . 3477E-03 

n 

0 . 1000E+01 

0 . 7000E-00 

z0.  Psi 

0 . 1000E+06 

0.2500E+06 

Zi<  psi 

0 . 2900E+06 

0 . 2200E+06 

Z2,  psi 

0 . 1000E+06 

0 . 2500E+06 

Z3,  psi 

0 . 1300E+06 

0 . 8200E+05 

Table  4.  Material  Parameters  for  Walker's 
Model  at  1100‘F  and  1700*F. 


Parameter 

llOO'F 

1700°F 

Dx,  psi 

0 . 8580E+05 

0 .  1080E-r06 

D2 ,  psi 

0 . 0000E-00 

0 . 0000E-00 

E ,  psi 

0 . 2394E+08 

0 . 1900E+08 

np,  psi 

0 . 0000E-00 

0 . 0000E-00 

n2 ,  psi 

0 . 4200E+07 

0 . 2500E+06 

n3 

0.0000E-00 

0 . 0000E-00 

n4 

0. 0000E-00 

0 . 0000E-00 

n5 

0 . 0000E-00 

0 . 0000E-00 

ng ,  psi^*m^sec"^ 

0 . 0000E-00 

0 . 0000E-00 

ny ,  sec 

0 . 0000E-00 

0 . 0000E-00 

n 

0. 1420E+02 

0 . 5000E+01 

m 

0. 1160E+01 

0 . 1160E+01 

B 0.  psi 

-0 . 2000E+04 

-  0 . 1000E+04 

n  n 


H56  M-  ?# a 

~“»S  SS  i.fgfcgg 
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Temperature  1100  F 
Fully  Saturated  Cycle 


Fig.  2  Comparison  of  Experimental  Data  at  1100*F  at 

Different  Strain  Rates  tor  tne  Fuiiv  Saturated 
Case . 
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Fig.  3  Comparison  of  Experimental  Data  at  1700 *F  a' 
Different  Strain  Rates  for  Initial  Lcac  Ur. 
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a)  Response  to  Changing 
Materiel  Parana tar  s  . 

b)  Response  to  Changing 
Material  Par  am  ter  n 
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Z  increasing 

c)  teiponM  to  Changing  Katarial  Paraaeter  2  , 


Stress -Strain  Response  for  Bodner-Partoa' s 
Model : 

a)  Response  to  Changing  Material  Paraaeter 

b)  Response  to  Changing  Material  Paraaeter 

c)  Response  to  Changing  Material  Paraaeter 


iacmiiiig 


Zy  *3  increasing 


a)  teiToau  to  Changing 
Material  Parana tar  s^. 
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Response  to  Changing 
Material  paraaeter  Z, , 


c>  Response  to  Changing 
Material  Paraaeter  X. 


d)  Response  to  Changing 
Material  Paraaeter  r. 


Fig,  6  Stress -Strain  Response  for  Bodner-Partom' s 
Model: 

a)  Response  to  Changing  Material  Parameter  nn  . 

b)  Response  to  Changing  Material  Parameters 

Z3  ,  02  j  I&J  . 

c)  Response  to  Changing  Material  Parameter  Ai  . 

d)  Response  to  Changing  Material  Parameter  r? 


*)  Response  to  Changing  Material  Parana  tar  n. 
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to)  Response  to  Changing  Material  Paranetar  In,*  . 

rig.  /  Stress -Strain  Response  for  Walker's  Model: 

a)  Response  to  Changing  Material  Parameter  n. 

b)  Response  to  Changing  Material  Parameters 

(ni+n2) . 


Fig.  8  Stress -Strain  Response  for  Walker's  Mode 
Changing  Material  Parameter  n2- 
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Stress -Strain  Response  for  Valuer's  i 
Changing  Haterial  Parameter  a. 
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Fig.  11  Stress-Strain  Response  for  Walker's  Model  to 
Changing  Material  Parameter  . 
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Fig.  12  Stress-Strain  Response  for  Valker's  Model  to 
Changing  Material  Parameters  D2  and  n7< 
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Fig.  13  Stress -Strain  Response  for  Walker's  Model 

a)  Response  to  Changing  Material  Paramete 

b)  Response  to  Changing  Material  Paramete 
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Fig.  14  Comparison  of  Models  to  the  Experimental  Data 
for  1100'F  at  a  Strain  Rate  of  1.191-02  see'- 
for  Initial  Load  up. 
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^6'  15  Comparison  of  Models  to  the  Experimental  Data 
for  1700’F  at  a  Strain  Rate  of’ 1.191-03  sec'1 
for  Initial  Load  up . 
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Fig.  16  ■  Comparison  of  Models  to  the  Experimental  Data 
for  1100’F  at  a  Strain  Rate  of  1.1SE-03  set'- 
for  the  Fully  Saturated  Case . 
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^■S*  Comparison  of  Models  co  the  Experimental  Data 
for  1700*F  at  a  Strain  Rate  of  1.15Z-03  sec'* 
for  the  Fully  Saturated  Case. 
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Fig.  18  Comparison  of  Bodner ' s  Model  to  Experimental 
da“a  fit  1700*F  for  a  Complex  Strain  Input 
History. 
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rig.  19  Comparison  of  Walker's  Model  to  Experimental 
data  at  1700*F  for  a  Complex  Strain  Input 
History. 
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ABSTRACT 

Coupling  between  mechanical  and  thermodynamic  processes  can  be 
significant  in  solid  media  when  material  inelasticity  occurs.  Significant 
mechanical  energy  may  be  converted  to  heat  via  hysteretic  loss,  and  this 
coupling  may  be  significant  even  under  quasi-static  conditions.  Important 
advances  have  been  made  since  the  second  world  war  in  modelling  this 
thermomechanical  coupling.  This  paper  reviews  many  of  the  major  achievements 
on  this  subject. 

The  paper  opens  with  a  short  review  of  historical  milestones  on  this 
subject.  A  theoretical  model  is  then  reviewed,  including  both  conservation 
laws  and  constitutive  models  for  certain  classes  of  solids.  The  paper 
concludes  with  a  discussion  of  recent  attempts  to  solve  the  inelastic  coupled 
thermomechanical  field  problem. 


INTRODUCTION 


The  phenomenon  of  coupling  between  thermodynamic  and  mechanical  processes 
in  solid  media  was  first  predicted  by  Duhamel  [1837].  The  significance  of 
this  coupling  depends  on  the  type  of  material  behavior  encountered  during  the 
process,  as  well  as  the  time  required  to  perform  the  process.  In  the  case  of 
elastic  solids,  this  coupling  is  for  most  materials  insignificant  except  under 
conditions  wherein  inertial  effects  are  not  negligible.  However,  in  inelastic 
media  circumstances  may  arise  wherein  this  coupling  is  significant  even  under 
quasi-static  conditions. 

This  phenomenon  can  be  illustrated  with  a  simple  experiment:  take  a  coat 
hanger  and  bend  it  until  permanent  deformations  occur.  Now  note  that 
additional  mechanical  energy  must  be  supplied  in  order  to  restore  the  coat 
hanger  to  its  original  configuration.  Since  mechanical  energy  must  be  applied 
throughout  the  entire  process,  the  question  becomes:  where  has  the  mechanical 
energy  gone?  The  answer  can  be  found  by  repeating  the  process  several  times 
and  then  touching  the  coat  hanger  where  the  permanent  deformations  have 
occurred.  Of  course,  anyone  who  has  ever  performed  this  experiment  knows  that 
the  coat  hanger  heats  up,  so  that  it  is  clear  that  at  least  some  of  the 
mechanical  energy  has  gone  into  heat. 

While  the  above  example  represents  a  somewhat  simplistic  viewpoint  of 
thermomechanical  coupling,  it  nevertheless  verifies  the  existence  of  the 
phenomenon,  and  whereas  this  example  is  of  purely  academic  interest,  there  are 
numerous  physical  situations  occurring  in  science  and  engineering  today 
wherein  this  coupling  may  be  so  significant  as  to  be  unavoidable  in  order  to 
accurately  model  mechanical  response.  This  paper  endeavors  to  lay  out  the 
important  developments  that  are  necessary  in  order  to  go  about  solving  a 


problem  involving  thermomechanical  coupling.  This  is  accomplished  in  three 
parts:  a  historical  review;  theoretical  foundations;  and  applications  of  the 
theory  for  certain  problems. 

HISTORICAL  REVIEW 

Historically,  the  foundations  of  continuum  mechanics  appear  to  have  been 
formulated  just  after  the  turn  of  the  nineteenth  century  at  the  Ecole 
Polytechnique  in  Paris.  Although  their  research  did  not  appear  in  print  until 
sometime  later,  two  students  of  Laplace  appear  to  have  successfully  formulated 
the  boundary  value  problem  for  isotropic  linear  elastic  media  by  the  year  1822 
[Navier,  1827,  Cauchy,  1823J.  Navier  is  credited  with  the  initial  formulation 
of  the  field  problem,  but  Cauchy  was  the  first  to  introduce  the  concept  of 
stress.  At  the  same  time,  Fourier  was  proposing  a  model  for  the  transfer  of 
heat  [Fourier,  1822].  These  early  models  did  not  recognize  the  coupling 
between  mechanical  and  thermal  energy. 

It  remained  for  Duhamel  to  propose  the  first  model  of  thermomechanical 
coupling  in  1837  [Duhamel,  1837,  1838].  Thereafter,  the  fundamental  advances 
in  thermodynamics  by  Caratheodory  [1909],  as  well  as  the  research  of  Neumann 
[1885]  provided  further  credence  to  the  theory  of  thermomechanical  coupling, 
so  that  by  the  start  of  the  first  world  war  this  phenomenon  was  well  known  in 
elastic  media  [Voigt,  1910]. 

During  the  first  quarter  of  this  century  the  phenomenological  theory  of 
plasticity  was  solidified  by  a  number  of  scientists  including  Prandtl  [1924], 
Von  Mises  [1913],  and  others.  These  achievements  in  plasticity  helped  to 
spawn  an  interest  in  thermomechanical  coupling  in  inelastic  solids,  such  as 
the  landmark  experimental  works  of  Farren  and  Taylor  [1925]  and  Taylor  and 


Qulnney  1 1934 J -  These  works  demonstrated  that  nearly  all  of  the  hysteretic 
loss  in  elastic-plastic  solids  is  converted  to  heat.  These  experiments  have 
been  verified  by  more  recent  and  precise  experiments  [Halford,  1966,  1987 ; 
Dillon,  1962,  1962,  1966;  Tauchert,  1967,  Tauchert  and  Af2al,  1967;  Kratochvil 
and  DeAngelis,  1971). 

Although  great  advances  had  been  previously  made  in  the  theory  of 
thermomechanical  coupling,  the  necessary  framework  to  construct  a  theory 
applicable  to  inelastic  solids  did  not  appear  until  the  1950's.  The  first 
work  appears  to  have  been  reported  by  Biot  [1956],  utilizing  developments  in 
irreversible  thermodynamics  achieved  by  Prigogine  in  the  late  1940's  [1947). 
This  paper  was  then  followed  by  a  number  of  works  dealing  with  thermodynamics 
of  coupled  thermomechanical  processes  in  inelastic  solids  [Boley  and  Weiner, 
1960;  Coleman,  1964;  Coleman  and  Gurtin,  1967;  Schapery,  1964,  1964;  Olszak 
and  pp^yna,  1968;  Green  and  Naghdi,  1965;  Dillon;  19631  most  notably  those  by 
Kratochvil  and  Dillon  [1969,  1970],  and  Lehmann  [1972,  1977,  1980).  In  the 
following  section  a  general  formulation  of  the  field  problem  as  constructed  by 
these  authors  is  reviewed. 

THEORETICAL  FORMULATION 

Consider  a  continuous  domain  with  interior  V  and  boundary  B.  The  body 
V+B  may  be  either  simply  or  multiply  connected.  The  objective  is  to  predict 
to  a  predetermined  degree  of  accuracy  the  mechanical  response  (such  as 
deformation  field)  of  the  body  to  some  arbitrary  input.  It  is  assumed  that, 
although  thermal  effects  on  mechanical  properties  may  be  significant,  electric 
and  magnetic  effects  produce  negligible  mechanical  response  [Coleman  and  Noll, 
1963).  Furthermore,  in  the  current  model  development,  it  is  assumed  that  all 


deformations  are  Infinitesimal  (although  the  theory  applies  with  minor 
modifications  to  media  undergoing  finite  deformations).  Under  these 
conditions  it  is  postulated  that  the  following  physical  quantities  are 
necessary  to  characterize  the  thermomechanical  response  at  all  points  xk  and 
for  a1!  times  t  in  the  body  V+B  (Coleman  and  Noll,  1963 j: 

1)  the  deformation  field 

ui  ■  ui<xk-t> 

2)  the  stress  tensor 

°ij  * 

3)  the  body  force  per  unit  mass 

f,  -  f,(xk,t) 

4)  the  internal  energy  per  unit  mass 

u=u(xk,t) 

5)  the  heat  supply  per  unit  mass 

r=r(xk,t) 

6)  the  entropy  per  unit  mass 

s=s(xk,t) 

7)  the  absolute  temperature 


T=T(xk,t) 


8)  the  heat  flux  vector 


"i  ■  Vv1) 


and  " 


9)  the  mass  density 
p-p  ( *  t ) 

Also,  recall  that  the  deformation  field  u^  is  related  to  the  infinitesimal 
strain  tensor  by 


c .  .  =  %(u - , .+  u . . . 1 
ij  ^  i’j  j’v 


(1) 


Statements  1)  through  9)  above,  along  with  equation  (1)  describe  32  state 
variables  to  be  determined  for  each  material  point  and  at  all  times  in  order 
to  characters  the  state  of  the  body  V+B.  Now  consider  what  is  available  to 
obtain  the  32  state  variables  postulated  above: 


1)  Conservation  of  mass  (assuming  infinitesimal  deformations  in  a  closed 
system): 


(2) 


2)  Conservation  of  linear  momentum: 


°ji,j+ 


ofi 


Pu 


i 


(3) 


3)  Conservation  of  angular  momentum  {assuming  no  body  moments): 


O  .  .  =  O  •  • 

ji  °ij 


4)  Conservation  of  energy: 


oU  -  a  ■  -c  •  •  -  Q  •  .  +  or 
1J  13  si,i 


5)  The  entropy  production  inequality: 


ps  + 


(-t)*1  "  *7  -  0 


(4) 


(5) 


(6) 


When  tallied,  the  above  are  a  set  of  seventeen  equations  and  one 
inequality.  Since  the  number  of  available  equations  (17)  exceeds  the  number 
of  state  variables  (32),  one  must  assume  that  additional  equations  are 
required  in  order  to  produce  a  complete  model.  On  reflection,  this  would  seem 
obvious  due  to  the  fact  that  none  of  the  above  equations  recognizes  the 
material  makeup  of  different  media.  In  other  words,  if  the  information 
already  supplied  were  sufficient  to  describe  the  state  of  a  body,  two 
different  bodies  of  Identical  shape  but  different  makeup  (such  as  steel  and 
silly  putty)  would  respond  the  same  to  identical  inputs.  Since  this  is 
obviously  not  the  case,  it  will  be  necessary  to  construct  additional  equations 
describing  the  material  makeup  (or  constitution)  of  the  body. 

In  order  to  accomplish  this,  first  recall  the  32  unknown  quantities  to  be 
determined:  ui#  o.j,  f^,  p,  u,  q^,  s,  r,  T,  and  e^. 

In  physical  practice  the  field  variables  f^  and  r  are  normally  specified 


as  input  data.  However,  suppose  that  as  a  thought  experiment  the  variables  u^ 
and  T  are  specified.  It  is  common  to  call  these  variables  the  independent 
variables.  However,  it  is  preferable  to  call  them  "specified  variables"  since 
all  of  the  state  variables  are  in  fact  independent  of  one  another.  Although 
any  four  variables  could  be  chosen,  it  is  propitious  to  choose  u^  and  T 
because  they  are  directly  measurable  quantities  in  laboratory  experiments. 
This  leaves  a  total  of  32  (variables)  minus  17  (field  equations)  minus  A 
(specified  variables)  or  eleven  equations  to  be  determined. 

These  last  eleven  equations  are  termed  constitutive  equations.  In  order 
to  obtain  a  complete  solution,  then,  it  is  possiDle  to  proceed  in  the 
following  stepwise  fashion: 

1)  Specify  as  input  variables  u.  =  u.(xk,t),  T  =  T(xk,t)  at  all  points  in  V+B, 
thus  reducing  to  28  unknowns; 

2)  utilize  the  conservation  of  angular  momentum  equations  (4)  to  symnetrize 
the  stress  tensor,  reducing  to  25  unknowns; 

3)  use  strain-displacement  equations  (1)  to  obtain  e^,  thus  reducing  to  16 
unknowns; 

4)  use  the  conservation  of  mass  equation  (2)  to  "determine  p,  reducing  to  15 
unknowns; 

5)  assume  that  the  following  eleven  equations  can  be  determined  at  all  points 


in  V+B: 


(7a) 


=  °(jl£kt<xm,t*’  T^xm*t^ •  MV1'1 

u(xm’t)  ‘  “‘'klfV'*'  T<Vl>'  MV1'1  <7b> 

s(xm,t)  .  suk,(*m,t).  T(xm,t).  9k(xm,t)l  (7c) 

MV1'  ‘  V‘kl<V*>-  T<Vl>-  Sk(xm.t)>  (7<f> 

where  {  }  signify  history  dependence,  spanning  the  interval  of  time  between 
which  the  quantities  are  initially  known  and  the  current  time  of  interest,  and 
gk=T,k.  Note  that  e^j  is  utilized  instead  of  u^  in  order  to  exclude 
dependence  on  rigid  body  motions; 

6)  use  the  conservation  of  linear  momentum  equations  (3)  to  determine  fit 
reducing  to  1  unknown; 

7)  use  the  conservation  of  energy  equation  (5)  to  determine  r;  and 

8)  impose  entropy  production  inequality  (6). 

Thus,  the  constitutive  equations  (7),  subject  to  the  constraints  imposed 
by  the  entropy  production  inequality,  comprise  a  sufficient  number  of 
equations  to  solve  the  boundary  value  problem  of  interest  when  adjoined  with 
the  other  seventeen  equations  described  above.  The  above  procedure  is 
impractical  for  actually  solving  problems  analytically  because  in  practice  one 
cannot  normally  specify  u^  and  T  a  priori  at  all  points  in  V+B.  The  point  of 
the  method  is  to  form  a  reasonable  approach  for  constructing  the  general  form 


of  constitutive  equations  (7).  Once  the  precise  form  of  these  equations  has 
been  determined,  it  is  then  possible  to  utilize  the  most  expedient  solution 
procedure  for  the  problem  at  hand. 

Unfortunately,  the  form  of  equations  (7)  is  still  quite  general,  and 
further  constraints  are  available  only  via  the  entropy  production  inequality, 
physical  intuition,  and  experimental  evidence.  Since  the  last  is  often 
cumbersome  and  expensive,  the  first  two  should  be  utilized  to  maximum 
advantage. 

Note  that  although  higher  order  spatial  derivatives  in  the  displacement 
field  u.j(xk)  and  temperature  T(xk)  could  in  principle  be  included  in 
constitutive  equations  (7),  their  inclusion  would  yield  a  non-local  theory. 
Such  a  non-local  theory  is  generally  only  necessary  when  the  scale  of  the 
microstructural  features  of  the  medium  is  large  relative  to  the  boundary  value 
problem  of  interest.  It  will  be  assumed  in  the  balance  of  this  discussion 
that  all  microstructural  features  are  very  small,  thus  rendering  a  local  model 
acceptable.  Note  also  that  equations  (7)  are  not  equations  of  state,  since 
they  require  information  at  times  other  than  the  current  time.  Thus,  the 
inclusion  of  time  derivatives  would  be  redundant. 

Constitutive  equations  (7)  are  called  the  functional  formulation. 
Alternatively,  we  could  propose  an  internal  state  variable  (ISV)  formulation: 

°1j  =  °1 j(£k1*T,9k‘akl)  (8a) 
u  =  u(Ekl,T,gk,aJ1)  (8b) 


s  -  s(ekl,T,gk,a|J1) 


(8c) 


(8d) 


qi  "  (Mtkl‘T*9k’akl) 

aij  =  °ij^kl*T,9k,akl^  n=l,...,n;  w=l,...,n  (8ej 

where  n  is  a  sufficiently  large  number  to  characterize  the  material  at  hand. 
Equations  (8e)  are  called  internal  state  variable  (ISV)  evolution  (or  growth) 
laws.  From  the  above  description  it  can  be  inferred  that  an  internal  state 
variable  is  any  state  variable  which  cannot  be  obtained  from  an  equation  of 
state  in  terms  of  the  specified  variables  (ui  and  T).  Instead,  it  must  be 
obtained  from  an  evolution  law  which  is  necessarily  a  differential  equation  in 
time. 

It  can  be  shown  that  when  equations  (8e)  are  continuously  integrable  in 
time  the  above  are  a  special  case  of  the  functional  formulation  described  by 
equations  (7)  [Lubliner,  1972]. 

Although  constitutive  equations  (8)  satisfy  the  principles  of 
equipresence,  determinism  for  stress,  and  local  action,  they  do  not  actually 
satisfy  the  principle  of  material  frame- indifference,  but  are  in  approximate 
agreement  for  infinitesimal  displacements. 

Now,  to  summarize,  the  problem  is  to  solve  for  the  32+9n  state  variables 
u^,  o ^ j ,  f ^ ,  p,  u,  q.j ,  r,  s,  T,  e^,  and  a^.  To  obtain  these  quantities, 
equations  (1)  through  (5),  (8)  and  inequality  (6),  or  28+9n  equations  are 
available,  together  with  appropriate  thermal  amd  mechanical  boundary 
conditions.  Since  the  remaining  four  degrees  of  freedom  (f^  and  r)  can  be 
specified,  this  formulation  constitutes  a  well-posed  boundary  value  problem. 

Constitutive  equations  (8)  represent  a  general  framework  which  is  a 
formidable  task  to  quantify  for  each  material.  Fortunately,  there  are  two 
steps  that  can  be  taken  before  it  becomes  necessary  to  proceed  to  the 


laboratory  and  perform  (usually  expensive)  experiments.  First,  it  is 
necessary  to  satisfy  the  entropy  production  inequality,  and  this  will  provide 
constraints  on  the  allowable  form  of  equations  (8).  Second,  it  is  possible  to 
perform  "thought"  experiments  imposing  such  restrictions  as  material  synrmetry 
which  will  further  constrain  the  form  of  equations  (8). 

To  perform  these  two  steps,  first  define  the  Helmholt2  free  energy: 

h  =  u-Ts  (9) 

Thus,  the  free  energy  represents  the  recoverable  energy  during  any  proess. 
Note  that  due  to  the  above  and  definition  (8),  the  Helmholtz  free  energy  may 
be  written  as  follows: 


h  -  h(ek1,T,gk,aJ1) 


(10) 


Therefore,  according  to  the  chain  rule  of  differentiation 


h 


ah  -j-  ah 
3T  1  +  agk 


9k 


(11) 


Thus,  solving  (9)  for  u,  differentiating  in  time  and  substituting  this  result 
into  (5)  results  in 


p(h  +  Ts  +  Ts)  = 


O..C---Q.  .  +  or 
1J  1J 


(12) 


Finally,  substituting  (12)  into  (11)  and  this  result  into  entropy  production 
inequality  (6)  gives 


where  the  specified  variables  e-^,  T,  g^,  o^,  and  gi  are  taken  outside  the 
brackets. 

Thermodynamic  constraints  on  constitutive  equations  (8)  are  now  obtained 
in  a  manner  similiar  to  that  employed  by  Coleman  and  Mizel  [  1963 j .  To  do 
this,  note  that  inequality  (13)  must  hold  for  any  and  all  processes. 
Therefore,  important  constraints  can  be  obtained  by  considering  several 
thought  experiments.  For  example,  at  time  t=tQ; 

THOUGHT  EXPERIMENT  I:  a)  CASE  A:  let  c^,  T,  g1  =  0,  =  kj  =  constant;  or 

b)  CASE  B:  let  e^j,  T,  g^  =  0,  g^  =  -kj  =  constant. 


It  follows  that 


-  scjj  <£kl<‘o>'  T<'o>.  9k(t0))  •  kj  k  o  and 
%  <‘kl<t0>-  T(t0).  9k(t0))  •  (-k,)->0=> 


3h 


39! 
Similarly, 


=  0 


ft-.o.>  h.h(ck1. t..!;,) 


(14) 


and  the  above  must  hold  for  any  and  all  processes  since  u.,  e. .,  T,  and  g!  are 

I  I  J 

specified  (and  mutually  independent)  state  variables. 

THOUGHT  EXPERIMENT  II:  let  g^,  9^,  T  =  0.  Similarly,  it  follows  that  for 
all  processes: 


■ij  '  0  aT, j  “  °lj  ’  °ij(‘kTT'akl> 


(15) 


Note  that  although  (15)  is  similar  to  the  result  obtained  for  elastic 
materials,  h  is  not  a  potential  for  the  stress'  tensor  for  this  class  of 
materials  since  the  inclusion  of  the  internal  state  variables,  a?j,  causes 
the  Helmholtz  free  energy  to  be  path  dependent. 

THOUGHT  EXPERIMENT  III:  let  g.,  g1#  't..  =  0.  It  follows  that  for  all 


processes: 


S  =  - 


ah 

aT 


=>  s®s(ei j.T.Q^) 


klJ 


(16) 


Due  to  equations  (14)  through  (16)  inequality  (13)  now  reduces  to 


ah 


q^/T  *  0 


(17) 


where  the  first  term  represents  internal  dissipation  and  the  last  term  is  heat 
conduction  dissipation.  Note  that  the  internal  dissipation  cannot  be  set  to 
zero  because  although  the  rate  of  change  of  the  internal  state  variables  may 
be  specified,  the  actual  internal  state  at  any  time  cannot  be  specified. 

It  can  also  be  shown  that  [Coleman  ar.J  Hizel,  1963) 


")  ■  -ku  9j  +  H-°-T-  (18) 

where  the  thermal  conductivity  tensor,  k^j,  may  depend  on  eki,  T,  and  aki. 

Thus,  if  internal  state  variable  evolution  laws  (8e)  can  be  determined 
experimentally,  the  problem  will  be  completely  specified  by  construction  of 
the  Helmholtz  free  energy  function  (equation  (10)). 

Now  consider  a  special  case  of  equation  (10)  which  is  found  to  be 
suitable  for  many  materials.  Let 

h  =  h(«ki.T.«i!i)  (19) 

where  called  the  inelastic  strain  tensor,  is  equivalent  to  akl  and  is 

in  the  case  of  metals  a  locally  averaged  representor  of  dislocation 
movement.  A  material  behaving  according  to  equations  (8)  and  (19)  is  termed  a 
viscoplastic  material  (Kratochvil  and  Dillon,  1970). 


Expanding  h  in  a  second  order  Taylor  series  in  its  arguments  gives 


(20) 


h  ■  'lAfBT'i-C, jc , j+^O, jkl« t j*k  1*E1  j*  1  J+Fi jc^+ 

where 

T— T 

T1  =  -j-0  (21) 

o 


and  TQ  is  the  reference  temperature  at  which  no  strain  is  observed. 
Substituting  the  above  into  (15)  results  in 


ij  =  Ci j+°i jk 1 ek 1 +r i jk 1 ck 1 


+F . 


’+V 


(22) 


Experimental  evidence  suggests  that  in  viscoplastic  materials,  during 
isothermal  processes,  the  inelastic  strain  produces  negligible  free  energy,  or 


ah 


ah 


*i, 


atjj 


so  that,  at  constant  temperature 


ah 


h  =  ~ —  £i  i  + 

8£ij  .-i, 


ah  -I  ah  -I  x 

I  EU  '  3c..  lEij  ~  Ei-j> 


ij 


(23) 


(24) 


Substituting  (20)  Into  (23)  results  In 


lit  +  +  I“T'  =  "  C1j  ‘  Di jklEkl 


■1j  i  jkrkl  uijk1£kl  Mj' 


-  -  HijT' 


Therefore,  by  inspection 


.  .  .  -  “L  .  .  =  O  ,  • 

1J  TJ  1j 


Fijkl  ”  “  Dijkl 


(25) 

(26) 

(27) 


Gijkl  “  Fijkl  Di jk 1 
*ij  =  ‘  Hij  2  Dijkl6kl 

It  follows  that  equations  (22)  may  be  written 


(28) 

(29) 


°ij  "  °i  j+Di  jkll  £krEkrekl^T_To^ 


(30) 


where  is  called  the  residual  stress  at  zero  strain  and  temperature  change, 
Dijki *  1S  the  elastic  modulus  tensor  and  is  called  the  thermal  expansion 
tensor.  The  Prandtl-Reuss  equations  IPrandtl,  1924]  can  be  obtained  as  a 
special  case  of  (30)  by  differentiating  (30)  in  time  and  substituting  an 
appropriate  evolution  law  for  the  inelastic  strain  tensor. 


To  obtain  the  coupled  heat  conduction  equation  differentiate  (9)  in  time 


and  substitute  Into  the  first  law  of  the  thermodynamics  (equation  (5))  to 
obtain: 


p((i+Ts+Ts)  -  -  qj  j  +  pf 


(31) 


Substituting  (11)  into  (31)  gives 


“  (°-H  "  p  fr  )  *i-i  +  P  (|y  +  s)  T  +  pTs 


f3h 


U  1J 


+  p  g.  +  p  —  a1? .  +  q .  .  -  pf  =  0 

»9|  '  a.}  '3  3-3 


(32) 


Thus,  utilizing  (14)  through  (16)  results  in 


pTs  +  p  —  a?.  +  q.  -  -  pf  =  0 


3a1?.  1J  J*J 
ij 


(33) 


Manipulating  (8c)  and  (16)  gives 


•  +asT  +  as  -n 

3£ij  1J  3T  3a1?. 

J  ij 


(34) 


Substituting  (35)  into  (34)  thus  gives 


t  a  s  •  t  3  s  *r  ,  t  3  s  •  n  .  3  h  >  ^ 

°T  17  Ci  i  +  pT  rf  T  +  °T  °4  i  +  P  n  Qi  i 

3eii  31  Jn1  ‘j  a  n 

1J  3°ij  3aij 


+  q  -  pf  =  0 

J  >  J 


(35) 


Finally,  utilizing  (16)  gives 


-  pT 


A 


8eijaT  'J 


,2.  .  J. 

pi  — ~  T  +  pT  — - - 

a  r  aa^aT 


l1j 


ah  .  n 

p  —  a.  • 
3an.  1J 


-q.  .  +  pr 

Hi,i 


(36) 


so  that  substitution  of  (15)  and  (18)  into  the  above  will  give 

ah  .1  T  a2h  .1  T  3oii  . 

p  — 1  -  pt  — f  a<<  -  •  -  en 

aa| .  1J  aa^aT  1J  aT 


_2h  . 
-  pT^T 

ar 


(kij  T.j)»i  “  s  0 


(37) 


Substituting  (20)  into  the  above  and  utilizing  (26)  through  (29)  gives 


-  +  °uki  Bki  T(‘ij  -  *‘j> 

+  c  c» T  -  <ku  ■ 0 


(38) 


2  2 

where  Cv=  a  h/aT  is  the  specific  heat  at  constant  volume.  The  above  is  the 
coupled  heat  conduction  equation  for  anisotropic  thermoviscoplastic  media. 
Note  that  for  an  elastic  material  ejj  =  0  and  the  above  reduces  to  the 
coupled  heat  conduction  equation  for  linear  thermoelastic  media.  Since  terms 
1  and  2  could  be  large  even  under  non-inertial  conditions,  they  should  be 
considered  carefully  in  inelastic  problems. 

In  the  case  of  uniaxial  stress  states  the  inelastic  coupling  term  reduces 

•  T 

to  oe  ,  which  is  the  rate  of  hysteretic  energy  loss,  as  shown  in  the  cyclic 
stress-strain  curve  in  Fig.  1.  As  pointed  out  by  Taylor  and  Quinney  1 1934), 


not  all  of  this  energy  is  transformed  into  heat.  For  example,  some  mechanical 
energy  may  be  lost  to  dislocation  rearrangement,  phase  change  or  microfracture 
processes.  Thus,  Lee  (1969]  has  proposed  that  the  inelastic  loss  term  should 
be  modified  to 

.1 

noij£ij 

(39) 

where  n^l  is  a  positive  scalar  function  of  inelastic  deformation.  Similar 
expressions  have  been  proposed  by  Lehmann  (1979),  Raniechi  and  Sawczuk  (1973), 
Mroz  and  Raniechi  (1976)  and  Nied  and  Batterman  (1972).  However,  due  to  the 
experimental  difficulties  encountered  in  measuring  such  small  energy  losses, 
this  remains  an  open  issue  at  this  time.  Since  for  stable  materials  the  term 
in  equation  (39)  is  never  negative,  setting  n=l  will  slightly  overestimate 
the  predicted  temperature. 

For  the  case  where  the  material  is  initially  isotropic  and 

•  T 

viscoplastically  incompressible  (ekk=0),  equation  (38)  reduces  to 

kT»ii  =  ecvT  +  pi"  +  (3x  +  2m)6t0£|<((  -  noij^ij  (40) 

Thus,  it  can  be  seen  that  whereas  for  the  elastic  case  uL=  °)  all 

'  J 

thermomechanical  coupling  in  isotropic  materials  results  from  bulk 
deformations,  heating  can  occur  in  shear  in  inelastic  media. 

One  can  now  briefly  review  the  thermoviscoplastic  boundary  value  problem 
for  the  case  of  inf  initesmial  deformations.  The  following  state 
variables:  o^,  e^,  T,  u.,  and  a?j,  or  16+9n  variables  are  sought.  The 
variables  u,  s,  h  and  qi  are  not  normally  Included  in  this  list  since  they 
need  not  be  determined  in  order  to  perform  stress  analysis.  To  obtain  these 


16  +  9n  variables  the  following  equations  are  utilized: 


1)  conservation  of  linear  momentum 


a  ■  •  .  +  of .  =  ou . 

J1.J  P  1  p  1 


2)  strain-displacement  equations 


(41) 


eU  “  2  (U1,3  "  Uj,1> 


(42) 


3)  stress-strain-temperature  relations 


O  •  .  =  O  • 

ij  ' 


ij  +  °ijklfekl  "  tkl  "  Bkl^T-To^ 


(43) 


4)  ISV  evolution  laws 


•  T)  „t|  /  t  P  *P\ 

“i  j  "  flij(ekl*  T’  9k*  Qkl‘  akl ^ 


(44) 


5)  conservation  of  energy 

-  *  °ijki6kiT<‘ij  -  ;!j)  +  »cvT  -  (kijT,j>,i  -  ■  0 


(45) 


Thus,  these  are  a  total  of  16+9n  equations.  The  variables  p,  f^,  TQ,  r, 
and  j  are  specified  data,  and  D.jkl,  6kl,  a?j,  k^j,  and  Cv  are  input 
material  properties.  The  above  equations,  together  with  appropriate  boundary 
conditions,  constitute  a  well-posed  boundary  value  problem. 
Unfortunately,  may  be  very  difficult  to  construct  based  on  experimental 
observation,  and  the  introduction  of  nonlinearities  via  causes  solutions 


to  be  very  difficult  to  obtain  analytically. 


APPLICATIONS  OF  THE  THEORY 


Few  applications  of  the  theory  have  been  reported  in  the  literature  for 
the  case  where  inelastic  material  behavior  occurs  [Oden  et  al.,  1973,; 
Cernocky  and  Krempl,  1980;  Argyris  et  al.,  1981;  Nicholson,  1984;  Allen,  1985, 
1986;  Allen  and  Haisler,  1986;  Van  der  Lugt,  1986;  Hsu,  1986;  Banas  et  al., 
1987;  Ghoneim,  1986;  Ghoneim  and  Dalo,  1987;  Ghoneim  and  Matsuoka,  1987 J. 
This  is  due  in  part  to  the  fact  that  the  elastic  and  inelastic  coupling  terms 
in  equation  (45)  are  in  many  cases  for  all  practical  purposes  negligible. 
When  this  occurs,  the  problem  is  said  to  be  one-way  coupled,  since  equation 
(45)  becomes  a  single  equation  in  temperature  which  can  be  solved 
independently  of  the  mechanical  problem  and  the  resulting  temperature  field 
can  be  utilized  as  input  to  equations  (43)  and  (44). 

There  is  a  second  reason  that  few  applications  of  the  theory  have  been 
reported:  because  they  are  extremely  difficult  to  work  with.  This  is  due  to 
a  number  of  reasons,  not  the  least  of  which  is  that  there  are  several  sources 
of  nonlinearity  in  the  resulting  problem.  The  most  common  nonlinearities 
occur  in  the  ISV  evolution  laws  (44),  and  these  are  often  numerically  stiff 
for  poly  crystalline  metals.  Additional  sources  of  nonlinearity  may  arise 
from  radiation  boundary  conditions  and  large  deformations.  In  fact,  the 
nonlinearities  appear  to  preclude  analytic  (closed-form)  solutions  to  the  two- 
way  coupled  problem  in  all  cases  reported  to  date. with  the  exceptions  of  Lee 
et  al.  1 1980 J,  Reddy  [1976),  and  Mukherjee  [1973],  and  in  these  three  cases 
the  applications  are  to  linear  viscoelastic  media.  Thus,  the  two-way  coupled 
nonlinear  problems  lends  itself  well  to  computational  solutions,  in  particular 
the  finite  element  method.  The  balance  of  the  paper  then  deals  with  this 
procedure  and  results  obtained  using  this  approach. 


Chronologically,  the  first  computational  algorithm  to  appear  in  the  open 
literature  was  reported  by  Oden  et  al.  119731.  While  the  authors  do  not 
elucidate  in  great  deal  the  algorithm  used,  they  do  introduce  a  time  marching 
scheme  which  allows  partitioning  of  the  coupled  equations  during  each  time 
step.  This  procedure,  which  appears  to  be  used  by  most  subsequent 
researchers,  bears  further  discussion  here. 

In  the  method  proposed  by  Oden  et  al.  (19731  the  governing  filed 
equations  are  first  recast  in  a  weakened  variational  form  and  applied  over  a 
sub-domain  denoted  as  an  element.  It  is  then  assumed  that  the  coupling  terms 
in  equations  (45)  are  negligible  over  a  small  time  increment,  and  this  term  is 
dropped  from  the  variational  heat  equation.  Orthogonal  basis  functions  are 
then  introduced  as  an  approximation  for  the  displacement  and  temperature 
fields  in  each  element  during  the  time  increment.  The  resulting  equations  are 
of  the  form: 

lM]{u)  +  [ K 1 {au}  =  {F}  +  {F1}  +  (FT)  (46) 
and 

(KtJ {T}  +  [Cl {T}  =  {Q}  +  {Q1}  (47) 

Equations  (46)  are  the  mechanical  equations  and  equations  (47)  are  the  thermal 
equations.  The  ordinary  time  derivatives  In  equations  (46)  and  (47)  are 
obtained  using  finite  dlfferencinq.  The  coupling  enters  the  mechanical 
equations  via  (F^),  which  depends  on  the  temperature  field.  Conversely,  the 
coupling  enters  (47)  via  {Q*}  ,  which  depends  on  tjj.  On  each  time  step 
this  term  is  initially  asumed  to  be  zero  and  the  resulting  deformations  are 


calculated.  An  iterative  procedure  is  then  used  during  the  time  step  to 
account  for  {Q1 } . 

Unfortunately,  because  the  numerical  results  obtained  by  the  authors  -to 
not  contain  a  comparison  of  two-way  coupled  and  one-way  coupled  results,  no 
results  are  reviewed  here.  However,  the  approach  utilized  in  this  paper  has 
been  utilized  by  most  succeeding  authors. 

Cernocky  and  Krempl  proposed  a  coupled  theory  in  1980,  and  while  the 
reported  work  considers  only  spatially  invariable  responses,  it  does  represent 
the  first  attempt  to  utilize  a  recently  developed  rate  dependent  viscoplastic 
constitutive  model  in  a  two-way  coupled  analysis. 

Argyris  et  al.  (1981]  produced  perhaps  the  most  exhaustive  study  of 
computational  schemes  for  solving  the  two-way  coupled  problem.  Like  Oden,  the 
authors  utilize  the  semi-discretized  finite  element  method  for  both  the 
thermal  and  mechanical  analyses.  Furthermore,  they  utilize  partitioning,  with 
the  thermal  analysis  performed  first  on  each  time  step  and  then  utilized  to 
approximate  the  mechanical  response.  Although  they  point  but  that  for  weakly 
coupled  problems  no  interaction  is  required  on  each  step,  they  include  in 
their  algorithm  an  iterative  procedure  for  strongly  coupled  applications. 

The  authors  discuss  in  some  detail  the  importance  of  the  so-called  "  e  - 
effect,"  in  which  the  effect  of  thermal  contraction  causes  a  perceived 
"heating  effect."  This  effect  can  be  seen  by  first  defining  the  elastic 
strain  tensor  as  follows: 


e 


'1J 


-  6ij<T-V 


(48) 


Thus,  for  an  inelastical ly  incompressible  material  contracting  the  above  and 
rearranging  results  in 


(49) 


ekk  =  ekk  +  WT~V 

Differentiating  the  above  in  time  and  substituting  into  (40)  gives 

kT,^  =  pCT  +  pr  +  (3x  +  2y)aT0e^k  -  no,.jejJ.  (50) 


where 


C  =  »C  I l+3(3x  +  ;U)S2T  Tl  (51) 

pcv  0 

Thus,  the  thermal  expansion  effect  can  cause  the  apparent  heat  capacity 
C  to  be  magnified  considerably.  The  authors  advise  that  this  term  should  be 
handled  in  the  form  described  by  equation  (50)  because  the  form  given  in 
equation  (45)  can  lead  to  numerical  instability  of  the  time  marching  scheme. 

An  interesting  numerical  result  is  obtained  in  the  paper  by  Argyris  et 

al.  [1981).  The  time  marching  iterative  scheme  described  above  is  applied  to 

a  thick-walled  cylinder  that  is  pressurized  with  an  internal  pressure 
2 

Pi  =  200  N/mn  and  subsequently  quenched  from  an  initial  temperature  T=320°C 
to  a  final  temperature  T=20°C.  A  simplified  model  is  used  for  the  ISV 
evolution  laws.  Temperature,  radial  displacement,  and  equivalent  stress 
histories  are  shown  at  the  outside  wall  in  Figs.  2  through  4.  Similar  results 
are  obtained  at  the  inside  wall.  It  is  interesting  to  note  that  the  coupled 
thermoviscoplastic  result  is  significantly  different  at  long  times  from  the 
uncoupled  result,  thus  indicating  the  importance  of  including  two-way  coupling 
in  relatively  slow  processes  such  as  are  found  in  this  example.  However,  the 
authors  point  out  that  a  substantial  part  of  the  coupling  results  from  the 


B  effect. 


Beginning  in  1985,  Allen  published  a  series  of  three  papers  dealing  with 
thermomechanical  coupling  in  viscoplastic  uniaxial  bars.  Using  the 
viscoplastic  constitutive  theory  proposed  by  Bodner  and  Partom  {1975],  he 
predicts  the  stress  in  a  uniaxial  bar  as  shown  in  Fig.  5  for  the  input  strain 
history  shown.  Since  the  uniaxial  bar  is  assumed  to  be  adiabatic,  the 
response  is  spatially  invariable,  and  the  predicted  temperature  shown  in  Fig. 
6  represents  an  upper  bound  of  the  actual  temperature  for  n=l  {Allen,  1985]. 

Recognizing  that  there  is  significant  heat  loss  in  a  uniaxial  bar,  Allen 
{1986]  produced  a  one-dimensional  fully  coupled  finite  element  model  for  the 
uniaxial  bar  problem.  The  spatial  discretization  was  accomplished  by  assuming 
a  second  order  displacement  function  in  each  element,  along  with  a  first  order 
temperature  field.  This  insured  numerical  stability  and  accuracy  via 
compatibility  of  the  total  and  thermal  strains  in  each  element.  Unlike  the 
computational  approach  taken  previously  (Oden  et  al.  1973;  Argyris  et  al. 
1981],  the  author  chose  to  retain  full  coupling  in  the  governing  equations  so 
that  the  resulting  finite  element  equations  are  of  the  form 

|K]{^}  =  {aF}  (52) 

Thus,  unlike  equations  (46)  and  (47),  the  temperature  and  displacements  occur 
on  the  left-hand  side  of  the  equations.  Unfortunately,  this  procedure  results 
in  a  highly  complex  algorithm  which  is  sufficiently  complicated  that  existing 
uncoupled  codes  cannot  be  utilized.  For  example,  the  stiffness  matrix  [K]  is 
not  symmetric.  The  author  found  this  approach  cumbersome  and  does  not 
recommend  it,  especially  for  multidimensional  problems. 

Using  the  above  computational  scheme  Allen  compared  results  for  a  fully 
insulated  uniaxial  bar  to  one  imbedded  in  massive  grips  at  1QQ5°K.  The 


resulting  predicted  temperatures  for  two  different  monotonic  strain  rates  are 
shown  in  figs.  7  and  8  11986].  As  expected,  the  non-adiabatic  temperature 
change  is  bounded  by  the  adiabatic  result.  A  typical  plot  of  temperature  vs. 
axial  location  in  the  bar,  as  shown  in  Fig.  9,  demonstrates  that  the 
temperature  gradient  occurs  in  a  very  small  boundary  layer  near  the  grip.  The 
final  result  in  this  paper,  shown  in  Figs.  10  and  11,  is  for  the  case  of  a 
uniaxial  bar  subjected  to  low  cycle  fatigue.  It  is  found  that,  whereas  the 
temperature  rise  is  approximately  3.7CK  for  each  cycle  in  the  adiabatic  case, 
the  bar  with  fixed  temperature  at  the  ends  heats  up  only  about  1.0“K  per 
cycle,  thus  indicating  that  flux  of  heat  at  the  boundary  can  significantly 
diminish  the  effect  of  thermomechanical  coupling. 

In  the  third  paper  of  the  series,  Allen  and  Haisler  [1989]  included  the 
effects  of  radiation  boundary  conditions  on  the  cylindrical  surface  of  the 
bar.  They  determined  that  inspite  of  the  significant  heat  loss  provided  by 
radiation  boundary  conditions,  an  aluminum  bar  subjected  to  cyclic  loading  as 
shown  in  Figs.  12  and  13  experiences  substantial  heating  both  with  anodized 
surface  (CASE  II)  and  when  painted  with  a  high  emissivity  coating  (CASE  I). 
The  authors  concluded  from  this  research  that  material  inelasticity  in  large 
space  structures  should  be  considered  carefully  as  a  means  of  passive  damping 
because  it  is  difficult  to  dissipate  heat  generated  via  thermomechanical 
coupling. 

Recent  results  have  been  reported  also  by  Ghoneim  and  coworkers  [Ghoneim, 
1986;  Ghoneim  and  Matsuoka,  1987,  Ghoneim  and  Dalo,  1987].  Ghoneim  uses 
essentially  the  same  finite  element  discretization  procedure  as  that  developed 
by  Oden.  Using  a  simplified  viscoplasticity  model  he  obtains  results  for  the 
uniaxial  bar  problem  [Ghoneim  and  Matsuoka,  1987]  similar  to  that  previously 
obtained  by  Allen.  However,  he  goes  a  step  further  by  producing  a  two- 


dimensional  prediction  of  the  response  of  a  flat  coupon  during  a  compression 
test.  Figure  14  depicts  effective  stress  and  temperature  contours  in  one 
quadrant  of  the  specimen  for  sucessive  strains  e=0.3,  0.6,  0.9  and  1.256, 
respectively  (Contour  lines  1,  2,  3,...  are  300,  350,  400, ...MPa  for  the 
stress  and  0.0,  0.5,  1.0,  1.5“K,...  for  the  temperature,  respectively). 

Ghoneim  (1986]  modelled  a  thick-walled  cylinder  similar  to  that 
previously  considered  by  Argyris  et  al.  [1981].  However,  Ghoneim  considers 
the  response  of  the  cylinder  to  an  instantaneous  thermal  pulse.  Since  the 
time  duration  is  very  short,  he  points  out  that  the  predicted  change  in 
temperature  is  strictly  due  to  thermomechanical  coupling.  Figures  15  and  16 
show  the  stress  history  and  temperature  history  at  the  inner  surface  of  the 
cylinder  (i^  is  the  effective  stress).  The  large  difference  between  the 
temperature  predicted  for  the  elastic  and  viscoplastic  cases  is  remarkable. 

The  final  result  to  be  discussed  herein  is  due  to  Hsu  (1986].  He  uses 
essentially  the  same  fully  coupled  algorithum  as  that  reported  by  Allen. 
However,  he  has  developed  a  two-dimensional  finite  element  code  using  four- 
node  quadrilateral  isoparametric  elements.  He  models  one  quarter  of  a  rod  in 
uniaxial  tension  and  considers  the  temperature  rise  in  the  bar  for  a  monotonic 
load  and  unload  sequence.  As  shown  in  Fig.  17,  he  reports  the  effects  caused 
by  the  n  factor  discussed  in  equation  (39)  (  A=l-r?  ).  As  expected,  the 
predicted  temperature  rise  decreases  with  increasing  a. 

CONCLUSION 

Significant  advances  in  the  theory  and  analysis  of  thermomechanical 
coupling  have  been  made  in  this  century.  However,  although  thermomechanical 
coupling  is  now  a  well-known  phenomenon  in  inelastic  solids,  several  issues 
remain  open  at  this  time.  Among  these  are: 


1)  the  thermodynamics  of  nonequilibrium  processes  have  not  yet  been 
clearly  identified; 

2)  the  relative  contribution  of  the  n  factor  is  not  yet  resolved; 

3)  computational  algorithms,  though  proposed,  have  not  been  studied  for  a 
broad  array  of  problems;  and 

4)  the  important  issue  of  when  coupling  can  be  neglected  has  not  been 
resolved. 


For  these  reasons,  further  research  would  appear  to  be  fruitful  on  this 
subject. 
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Fig.  17.  Temperature  Rise  in  the  Rod  Induced  by  Applied  Mechanical  Load 

(Courtesy  of  Allen  &  Unwin,  Inc.) 


Fig.  2.  Temperature  History  at  the  Inside  Wall  of  Quenched  Cylinder 
(Courtesy  of  Hemisphere  Publishing) 
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Fig.  3.  Radial  Displacement  History  at  the  Inside  Wall  of  Quenched  Cylinder 
(Courtesy  of  Hemisphere  Publishing) 


Fig.  4.  Equivalent  Stress  History  at  the  Inside  Wall  of  Quenched  Cylinder 
(Courtesy  of  Hemisphere  Publishing) 
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Fig.  6.  Predicted  Temperature  Change  for  IN  100  at  1005°K  (1350°F)  Subjected 
to  Cyclic  Load  History  Shown  in  Fig.  5  (Courtesy  of  Pergammon  Journals  Ltd.) 


Fig.  7.  Predicted  Temperature  vs.  Absolute  Strain  for  Monotonic  Deformation 
Histories  (£  =  ±0.00142  sec"1)  (Courtesy  of  John  Wiley  &  Sons,  Ltd.) 
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Fig.  8.  Predicted  Temperature  vs  Absolute  Strain  for  Monotonic  Deformation 
Histories  (e  =±0.000142  sec-1)  (Courtesy  of  John  Wiley  &  Sons,  Ltd.) 


Fig.  9.  Temperature  vs.  Spatial  Location  for  Various  Times  for  Constant 
Strain  Rate  £=0.00142  sec"*  (x=0.3175  is  the  midpoint  of  the  bar)  (Courtesy 
of  John  Wiley  &  Sons,  Ltd.) 
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Fig.  10.  Stress-Strain  Curve  and  Strain  Input  Curve  for  Cyclic  Load  (Courtesy 
of  John  Wiley  &  Sons,  Ltd.) 
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Fig.  11.  Temperature  Change  at  x=L/2  vs.  Time  for  the  Cyclically  Loaded  Bar 
Described  in  Fig.  10  (Courtesy  of  John  Wiley  &  Sons,  Ltd.) 
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Fig.  13.  Temperature  vs.  Time  Curves  at  x=L/2  for  Loading  at  5Hz  (Courtesy  of 
American  Institute  of  Aeronautics  and  Astronautics) 
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Fig.  14.  The  Predicted  Stress  and  Temperature  Change  Fields  for  the 
Compression  Test  at  Different  Stages  of  Loading  (Courtesy  of  Pergammon 
Journals  Ltd.) 
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Fig.  16.  Transient  Response  of  the  Effective  Stress  (t^)  and  Temperature  at 
the  Inner  Surface  of  Thick  Walled  Cylinder  (Courtesy  of  Hemisphere  Publishing) 
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Fig.  17.  Temperature  Rise  in  the  Rod  Induced  by  Applied  Mechanical  Load 
(Courtesy  of  Allen  &  Unwin,  Inc.) 
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ABSTRACT 

Over  the  past  two  decades  a  number  of  thermomechanical  constitutive 
theories  have  been  proposed  for  viscoplastic  metals.  These  models  are  in  most 
cases  similar  in  that  they  utili2e  a  set  of  internal  state  variables  which  are 
locally  averaged  representors  of  microphysical  phenomena  such  as  dislocation 
rearrangement  and  grain  boundary  sliding.  The  state  of  development  of  several 
of  these  models  has  now  matured  to  the  point  that  accurate  theoretical 
solutions  can  be  obtained  for  a  wide  variety  of  structural  applications  at 
elevated  temperatures. 

The  purpose  of  this  paper  is  threefold.  First,  the  fundamentals  of 
viscoplasticity  are  briefly  reviewed  and  a  general  framework  is  outlined. 
Second,  several  of  the  more  prominent  models  are  reviewed  in  some  detail. 
Finally,  some  comparative  results  are  given  to  experimental  evidence  for  a  few 
of  the  models,  and  conclusions  about  the  efficacy  of  the  models  are  drawn  from 
these  comparisons. 
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INTRODUCTION 


Since  World  War  II  there  have  been  an  increasing  number  of  circumstances 
wherein  structural  materials  are  required  to  operate  at  very  high 
temperatures.  Perhaps  the  first  large  scale  example  of  this  occurred  in  the 
nuclear  power  industry,  wherein  temperatures  in  excess  of  2000°F  are 
common.  Recently,  interest  in  the  National  Aerospace  Plane,  wherein 
hypersonic  shock  interaction  causes  predicted  temperatures  in  excess  of 
3000°F,  has  enhanced  interest  in  this  subject.  The  quest  for  more  efficient 
gas  turbines  has  also  forced  operating  temperatures  up.  Thus,  since 
experimentation  in  such  hostile  environments  is  extremely  expensive,  it  is 
desirable  to  produce  accurate  theoretical  models  for  structural  components 
constructed  from  viscoplastic  metals. 

In  all  of  these  cases  the  structural  materials  conmonly  in  use  experience 
a  substantial  amount  of  inelastic  constitutive  behavior.  Indeed,  they  are 
history,  temperature,  and  rate  dependent,  as  well  as  highly  nonlinear.  Hence, 
it  is  clear  that  any  successful  modelling  attempt  will  be  extremely  complex  in 
nature. 

The  most  recent  advances  in  constitutive  theories  to  predict  the 
inelastic  behavior  of  structural  materials  have  been  the  incorporation  of  the 
effects  of  temperature  and  rate  dependence  into  the  stress-strain 
relationships.  The  ability  to  predict  the  temperature  and  rate  dependence  of 
structural  materials  used  in  elevated  temperature  applications  is  especially 
Important  to  the  aerospace  industry  wherein  substantial  weight  savings  can  be 
accomplished  if  safety  factors  can  be  reduced  by  the  use  of  accurate  analytic 
models.  Most  metals  become  viscoplastic,  i.e.,  exhibit  rate  dependent 
inelasticity  at  temperatures  above  about  four- tenths  of  their  melting 
temperature.  These  materials  are  more  intricate  than  elastic-plastic 
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materials  In  that  the  inclusion  of  rate  dependence  represents  a  significant 
increase  in  complexity  of  the  mathematical  model  required  to  describe  the 
observed  material  behavior.  This  is  evident  because  in  the  classical  rate- 
independent  plasticity  theory  of  metals  the  only  parameter  required  to 

characterize  the  plastic  strain  is  x,  a  history  dependent  scalar  material 
property  that  relates  inelastic  strain  rate  to  stress  through  the  flow  rule, 
which  may  be  obtained  experimentally  from  a  single  phenomenological  uniaxial 
stress-strain  curve.  However,  when  the  material  becomes  significantly  rate 
dependent  the  uniaxial  monotonic  stress-strain  curve  is  no  longer  unique. 
Therefore,  it  becomes  necessary  to  construct  a  mathematical  equation 

governing  x.  This  equation  can  only  be  constructed  by  obtaining  considerable 
experimental  information  about  the  response  of  the  material  to  changes  in  the 
independent  variables  such  as  strain,  strain  rate,  and  temperature.  The 

experiments  required  to  obtain  this  information  are  usually  cumbersome  and 

expensive. 

Historically,  there  have  been  two  distinct  approaches  to  the  modelling  of 
inelastic  materials:  1)  the  functional  theory  [11,  in  which  all  dependent 
state  variables  are  assumed  to  depend  on  the  entire  history  of  the  specified 
observable  state  variables;  and  2)  the  internal  state  variable  (ISV)  approach 
[2],  wherein  history  dependence  is  postulated  to  appear  explicitly  in  a  set  of 
ISV's.  Lubliner  [3]  has  shown  that  in  most  circumstances  ISV  models  can  be 
considered  to  be  special  cases  of  functional  models.  Because  the  internal 
state  variables  are  readily  identifiable  in  metals,  most  models  currently 
under  development  are  of  the  ISV  type.  This  form  has  the  added  benefit  that  it 
is  also  usually  more  computationally  tractable  than  the  functional  form. 

This  article  will  focus  on  several  of  these  models  which  have  shown 
promise  for  predicting  the  complex  stress-strain  response  of  metals  at 
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elevated  temperature.  After  establishing  the  general  framework  for  a 
constitutive  model  using  the  ISV  formulation,  several  state-of-the-art 
thermoviscoplastic  models  will  be  reviewed  along  with  examples  of  the  model 
predictions  compared  to  experimental  results. 
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SYMBOLS 

stress  tensor 
elastic  modulus  censor 
strain  tensor 
creep  strain  tensor 
inelastic  strain  tensor 
plastic  strain  tensor 
thermal  strain  tensor 
drag  stress 
back  stress  tensor 

general  set  of  internal  state  variables 

hardening  parameters 

recovery  parameters 

inelastic  flow  parameter 

temperature 

damage  tensor 

deviatoric  stress  tensor 

deviator ic  back  stress  tensor 

second  deviatoric  stress  invariant 

rate  of  inelastic  work  =  cjj 
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GENERAL  THERMOVISCOPLASTIC  CONSTITUTIVE  MODEL  FRAMEWORK 
The  concept  of  ISV's,  sometimes  called  hidden  variables,  was  apparently 
first  utilized  in  thermodynamics  by  Onsager  1 4, 5 ] ,  and  numerous  applications 
have  been  recorded  in  the  literature  over  the  last  forty  years  1 2 ,6-14 j .  A 
general  framework  for  an  ISV  formulation  of  a  thermoviscoplastic  constitutive 
model  can  be  developed  by  following  the  thermodynamic  approach  described  by 
Coleman  and  Gurtin  [2].  Historically,  attempts  to  model  rate  dependence  began 
with  extensions  of  rate-independent  classical  plasticity  theory.  In  these 
attempts  the  inelastic  strain  was  "uncoupled"  into  rate-independent  plastic 
and  rate-dependent  creep  components  to  obtain 

°ij  “  Dijki  (£kit  “  eki  “  £kt  ~  £kn^  ^ 

Ultimately,  these  attempts  failed  due  to  the  fact  that  rate-independent  and 
rate-dependent  inelastic  deformations  are  caused  by  the  same  microphysical 
mechanism,  predominately  dislocation  movement.  Thus,  a  more  salient  approach 
evolved  using  an  approach  in  which  the  plastic  strain  and  creep  strain  are 
"unified"  into  a  single  inelastic  strain,  ej|  .  The  general  form  of  the  model 
for  a  metal  is  thus  described  by  the  following  stress-strain  equation  of 
state: 

ou =  Dukt(cki  -  ch  -  ‘ki>  (2) 

Although  the  strain,  ck£,  and  the  thermal  strain,  e^a,  are  normally 
specifiable,  the  inelastic  strain  tensor,  representing  a  locally  averaged 
measure  of  the  distance  traversed  by  dislocations,  is  not.  Therefore, 
equation  (2)  must  be  augmented  by  an  ISV  evolution  law  (also  sometimes  called 
the  flow  law)  of  the  form: 
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(3) 
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where  i  is  a  complicated  history  dependent  function  of  state.  For  example, 
the  Prandtl-Reuss  equations  [15,16]  utilized  in  rate  independent  applications 
may  be  obtained  as  a  special  case  by  differentiating  (2)  in  time,  substituting 
(3)  into  this  result,  and  setting  to  zero. 

For  rate  dependent  circumstances,  however,  the  equations  must  be  further 
augmented  by  additional  ISV  evolution  laws  to  account  for  the  diffusive  nature 
of  dislocation  mechanisms  at  elevated  temperatures.  These  are  of  the  form: 


“2  =  h2  Wa’  T*  ak*)  ‘  r2  (£k*’  T* 


ki  ‘ 


a3i j  =  h3  (Ekt’  T*  aki^  ~  r3  ^ekt*  T’  °ka^ 


(4) 

(5) 


where  the  drag  stress,  c^,  is  an  ISV  related  to  the  number  or  density  of 
dislocations  and  the  backstress,  a^.j,  is  an  ISV  related  to  the  residual 
stresses  at  the  microstructural  level  produced  by  the  dislocation 

arrangement.  The  functions  h£  and  h^  represent  the  hardening  terms  in  the 
drag  stress  and  backstress,  respectively,  due  to  loss  of  dislocation  mobility, 
whereas  the  functions  ^  and  rj  represent  the  recovery  terms  in  the  drag 
stress  and  backstress,  respectively,  due  to  recovery  of  dislocation 
mobility.  In  some  applications  it  may  be  necessary  to  append  an  additional 
internal  variable,  a^j,  called  a  damage  parameter  and  representing  the 

effects  of  grain  boundary  sliding  and  microfracture  [17-20]. 

The  mathematical  expressions  for  the  ISVs  and  the  flow  rule,  equations  3 
through  5,  are  typically  determined  phenomelogically  by  curve  fitting  data 
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obtained  from  a  prescribed  set  of  complicated  experiments  to  this  form.  The 
precise  experiments  required  to  obtain  the  models  depend  on  the  theory  being 
utilized.  However,  these  experiments  are  typically  complex  in  nature  [21- 
23).  Since  they  are  normally  performed  at  temperatures  in  excess  of  1000°F, 
they  require  that  sophisticated  furnaces  be  used,  such  as  the  one  shown  in 
Fig.  1.  In  addition,  many  of  the  models  require  that  cyclic  tension- 
compression  tests  be  performed  such  as  the  one  shown  in  Fig.  2,  so  that  a 
highly  aligned  testing  machine  is  required  in  order  to  avoid  buckling  of  the 
specimens. 

REVIEW  OF  CURREWT  MODELS 

In  this  section  several  of  the  more  prominent  unified  models  will  be 
reviewed,  and  because  the  uncoupled  models  possess  limited  modelling  ability, 
they  will  not  be  covered.  The  first  concerted  attempt  to  model  the  inelastic 
strain  rate  in  a  rate-dependent  setting  appears  to  have  been  due  to  Bodner  and 
co-workers  [17,18,24-36]*,  and  an  indication  of  the  complexity  of  this  problem 
is  that  they  are  still  actively  pursuing  this  model.  Since  1975,  there  has 
been  a  veritable  explosion  of  models  such  as  Hart  [36,37],  Miller  and  co¬ 
workers  [19,38-48],  Valanis  [49,50],  Robinson  [51-57],  Walker  and  co-workers 
[20,32,35,36,58,59,60] ,  Krempl  and  co-workers  [61-66],  Krieg  and  co-workers 
[36,67],  as  well  as  others  [68-78].  Doubtless  there  are  numerous  efforts  we 
have  overlooked,  and  the  authors  apologize  for  any  oversight  on  our  part. 

In  a  paper  of  this  limited  scope  it  is  unrealistic  to  expect  that  an  in- 
depth  review  can  be  reported  on  each  of  the  models.  Therefore,  we  have  chosen 
what  we  hope  is  a  reasonable  and  expedient  dissemination  method.  First,  we 

★ 

Although  a  promising  model  proposed  by  Valanis  had  been  previously  reported, 
it  was  rate-independent  at  the  time  of  Bodner1 s  work. 
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will  discuss  each  of  the  models  briefly,  and  we  have  encapsulated  a  summary  of 
each  of  the  models  mentioned  above  (in  uniaxial  form)  in  Table  I.  Because 
many  of  the  models  have  appeared  in  several  forms,  in  this  table  we  have 
chosen  a  relatively  simple  version  of  each  of  the  models.  Second,  we  have 
attempted  to  summarize  the  capabilities  of  the  models  in  Table  II,  and  to 
review  the  experimental  requirements  in  Table  III.  Finally,  we  have 
undertaken  to  discuss  recent  advances  and  review  in  somewhat  greater  detail 
the  models  of  Bodner,  Miller,  and  Walker. 

Because  the  scope  of  this  paper  is  limited,  we  are  unable  to  pursue  all 
of  the  important  issues  regarding  this  subject.  Readers  who  are  interested  in 
further  study  on  this  subject  will  find  a  far  more  detailed  discussion  of 
recent  advances  in  viscoplasticity  in  reference  36,  as  well  as  in  the 
bibliography  at  the  end  of  this  paper. 

In  this  discussion  the  models  are  reviewed  only  in  uniaxial  form  because 
in  virtually  all  cases  they  are  converted  to'  multiaxial  form  by  using 
theory  in  conjunction  with  Drucker's  postulate  (79].  We  should  also  point  out 
that  we  have  utilized  a  common  terminology  due  to  the  fact  that  each  author 
uses  different  notation. 

Probably  the  simplest  model  to  date  was  proposed  by  and  Krempl  and  co¬ 
workers  (61-66).  Because  this  model  does  not  contain  evolution  laws  for  the 
back  stress  and  drag  stress,  it  is  best  used  for  monotonic  loadings. 

The  model  proposed  by  Valanis  [49,50]  is  built  on  a  single  integral 
framework  which  makes  it  quite  different  in  form  frc:.i  equations  (2)  and  (3). 
However,  as  pointed  out  by  Schapery  (80],  when  this  so-called  "endochronic" 
theory  is  used  with  an  exponential  kernel  function,  the  Prandtl-Reuss  [15,16] 
equations  can  be  recovered.  Although  Valanis'  model  is  actually  capable  of 
producing  much  more  general  results,  a  single  exponential  is  usually  used,  so 


that  It  reduces  to  equations  (2)  and  (3)  when  Laplace  transformed  in  the 
endochronic  time  scale. 

An  interesting  and  potentially  very  useful  model  has  been  proposed  by 
Krieg,  et  al.  [ 67 ] .  The  model  appears  to  have  been  one  of  the  first  to  include 
both  drag  stress  and  back  stress  terms.  However,  the  authors  moved  on  to 
other  things  and  the  model  was  not  improved  for  about  a  decade.  Recently,  a 
second  generation  of  the  model  has  been  proposed  f 36 ] . 

Robinson  151-57]  has  proposed  one  of  the  most  complex  and  advanced  models 
to  date.  His  model  is  distinguished  from  the  other  current  models  both  in 
that  it  possesses  a  yield  criterion  similar  to  that  used  in  classical 
plasticity,  and  that  it  has  been  proposed  in  multiaxial  form  for  orthotropic 
media  such  as  metal-matrix  composites. 

Hart's  model  [37]  is  distinguished  by  the  fact  that  the  drag  stress  is 
assumed  to  be  a  constant,  and  it  possesses  an  ISV  called  hardness  which 
affects  the  back  stress  evolution  law.  Recent  advances  of  this  model  have 
also  been  reported  in  reference  36. 

Bodner's  Model 

As  mentioned  earlier,  Bodner's  model  [17,18,24-36]  appears  to  have  been 
the  first  viable  unified  model  proposed  for  viscoplastic  metals.  Although 
early  versions  of  the  model  were  somewhat  primitive,  it  has  remained  at  the 
forefront  of  technology  via  timely  modifications.  The  initial  model  did  not 
contain  a  drag  stress,  o,iit  and  although  the  current  version  does  include 
one,  it  is  included  in  a  significantly  different  way  from  other  current 
models.  Bodner  calls  it  an  anisotropic  hardening  parameter,  a and  it  occurs 
in  the  inelastic  strain  rate  equation  as  a  scalar  variable.  Thus,  the 
resulting  evolution  laws  are: 
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where  D0,  n,  nij,  Zj,  Z£,  Aj,  rj,  m2,  Z3,  A2,  and  r2  are  material  constants. 

The  flow  law  is  exponentially  based  as  seen  in  equation  (6).  The  model 

gives  a  limiting  strain  rate  in  shear  of  DQ.  The  term  -m^Z1  Wp  is  a  dynamic 

recovery  term  for  a3  in  the  isotropic  growth  law  (8)  and 

-1  rl 

-  Aj  Z 1  l(a2  -  Z2)  Zj  ]  is  a  static  thermal  recovery  term.  B  is  a  uniaxial 
representation  of  a  second  order  tensor  in  the  multiaxial  state  which  models 
directional  or  anisotropic  hardening,  is  assumed  to  act  as  an  isotropic 
variable  on  an  incremental  basis.  Equation  (7)  shows  that  Z  can  experience 
large  changes  in  magnitude  due  to  the  sgn  0  function  as  the  stress  changes 
sign.  This  could  cause  numerical  problems  if  the  B  variable  is  of  the  same 
order  of  magnitude  as  the  a 2  variable.  The  evolution  law  for  B  has  the  same 
components  as  the  evolution  law  for  D. 

Bodner's  model  is  seen  to  use  the  rate  of  plastic  work,  Wp,  instead  of 
inelastic  strain  rate  as  the  measure  of  work  hardening.  This  is  designed  to 
allow  for  better  modelling  of  strain  rate  jump  tests.  The  modification  used 
to  account  for  the  strain  aging  effects  was  patterned  after  Schmidt  and 
Miller's  solute  strengthening  correction.  The  constant  Z3  in  the  evolution 
law  was  written  in  the  following  form: 
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z3  ■  z4  +  Z5f 

f(tJ)  .  f  exp  {-  [MLli.J)  -  i°a(J)lz1 

P 

where  F  is  the  maximum  correction,  J  is  the  strain  rate  of  maximum  correction, 
and  s  is  the  width  of  correction. 
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Miller's  Model 

Miller's  model  [19,36,39-48]  is  probably  the  most  complex  model  available 
at  the  time  of  this  writing.  It  is  capable  of  accounting  for  a  wide  range  of 
physical  phenomena,  including  solute  strengthening  and  cyclic  strain 
softening. 

Schmidt  and  Miller's  evolution  laws  have  the  following  form: 


e1  =  B'  {sinh  ( - - )L5}n  sgn  (o  -  Q,) 

“2  +  'sol  s 


°3  =  Hi  **  "  HiB'  <sinh  ( Al I a3 I ) 1 0  s9n  (“3) 


“2  =  H2  l(C2  +  I tt3 !  -  ^  °3)  -  H2  C2  B'  (sinh  (A2  a2) 

Fc0i  =  f  exp  { -  (i°a-ik!ll  -  1oa  (J))2} 
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(15) 


where  B',  n,  Hj,  Aj,  H£,  C£»  A 2%  F,  J,  and  6  are  material  constants. 

The  flow  law  has  the  form  of  a  hyperbolic  sine.  This  form  was  chosen  to 
model  creep  response  better.  The  same  form  is  found  in  the  static  thermal 
recovery  terms  of  the  backstress  and  drag  stress  evolution  laws.  The  drag 
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stress  hardening  term  contains  a  hardening  term,  a  dynamic  recovery  term,  and 
a  term  which  couples  drag  stress  hardening  to  backstress  magnitude.  These 
three  terms  provide  the  proper  cyclic,  hardening,  softening  and  saturation 
behavior.  The  same  non-interactive  solute  strengthening  correction  (Fsol)  as 
mentioned  earlier  is  seen  in  this  model. 

Walker's  Exponential  Model 

The  growth  laws  for  Walker's  exponential  model  [20,32,35,36,58,59,601 
have  the  following  form: 

0  ”  °3 

e1  =  —  P  ^ sgn  (o  -  a3)  (16) 

a3  =  n2  -  B  { [ n3  +  n4  exp  (-ng 1 1  og  (-^-)[)1 

Ro 

a2  =  Dj  +  D2  exp  (-n7  R) 

R=|er|  (19) 

where  e,  n2,  n3>  n^,  n5,  Rq,  n^,  0^,  D2,  and  n7  are  material  constants. 

This  version  of  Walker's  flow  law  is  based  on  an  exponential  function. 
The  term  n2  e*  is  seen  to  be  a  work  hardening  term  in  the  back  stress  growth 
law.  The  term  <*3  [n3  +  n^  exp(-r>5i  log(  |R|/R0()  1 1  R  is  a  dynamic  recovery 
term.  Negative  strain  rate  sensitivity  effects  can  be  modelled  with  the 
term  n^  exp  (-ng|log(|R|/R  ) |).  Back  stress  thermal  recovery  is  handled  by 
the  c»3  ng  term.  Drag  stress  hardening  is  modelled  through  the  D£  exp  (-n7  R) 
term.  No  provision  is  made  for  drag  stress  recovery  in  this  model. 


R  +  n6)  (17) 

(18) 
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COMPARISON  OF  MOOEL  PREDICTIONS  TO  EXPERIMENTAL  RESULTS 

In  most  cases,  the  models  are  described  by  a  set  of  ordinary  differential 
equations  in  time  which  are  mathematically  "stiff".  The  definition  of 
mathematical  stiffness  is  that  if  the  solution  is  expanded  in  an  exponential 
series  in  time,  at  least  two  of  the  eigenvalues  will  differ  by  many  orders  of 
magnitude.  A  characteristic  of  stiff  differential  equations  is  that  they 
cannot  be  efficiently  integrated  in  time  by  standard  integration  schemes  such 
as  Runge-Kutta  methods.  Numerous  intricate  algorithms  have  been  developed  for 
integrating  equations  (3)  through  (5)  in  time  [81-86].  Oftentimes,  it  is  most 
efficient  to  use  a  simple  Euler  forward  or  backward  scheme,  where  accuracy  is 
achieved  by  taking  very  small  time  steps,  as  shown  in  Fig.  3  [81].  when 
solving  boundary  value  problems  using  the  finite  element  method,  it  is 
normally  possible  to  obtain  convergence  on  each  displacement  increment  by 
subincrementing  the  Euler  integration  at  each  integration  point. 

Many  of  the  models  mentioned  in  the  previous  section  have  been  compared 
both  qualitatively  and  quantitatively  to  one  another  as  well  as  to 
experimental  results  for  a  variety  of  materials  [87-92].  The  accuracy  of 
several  of  the  models  is  demonstrated  for  INCONEL  718  under  two  constant 
strain  rate  conditions  at  1100°F  (593°C)  in  Figs.  4  and  5  [92].  A  complex 
load  history  is  demonstrated  in  Figs.  6  through  8.  In  this  example  INCONEL 
718  is  subjected  to  the  strain  history  shown  at  the  bottom  right  hand  corner 
of  each  figure  [92]. 

CONCLUSION 

The  complex  task  of  predicting  the  response  of  viscoplastic  metals  has 
now  reached  a  state  wherein  reliable  structural  analysis  is  sometimes  possible 
(93] .  However,  the  accuracy  of  predictions  still  depends  on  a  number  of 
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complicated  factors  such  as  material  type,  loading  conditions,  thermal 
environment,  numerical  accuracy,  and  the  constitutive  model  being  utilized. 
Although  this  area  of  research  has  certainty  reached  fruition,  it  has  not  yet 
reached  full  maturity. 
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TABLE  II.  ABILITY  TO  MODEL  CERTAIN  PHENOMENA 
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TABLE  III.  REQUIRED  MATERIAL  PARAMETER  CHARACTERIZATION 


Cernocky  and  Krempl 

Constant  Strain  Rate  Tensile  Tests 
with  Intermittent  Hold  Times 
Relaxations  Tests 

Krieg,  Swearengen,  and  Rohde 

Stress  Drop  Tests 

Constant  Strain  Rate  Tensile  Tests 

Bodner  et  al. 

Constant  Strain  Rate  Tensile  Tests* 
Creep  Tests 

Walker 

Constant  Strain  Rate  Cyclic  Tests 
Constant  Strain  Rate  Tensile  Tests 

Miller 

Creep  Tests 

Constant  Strain  Rate  Cyclic  Tests 
Constant  Strain  Rate  Tensile  Test 

Hart 

Relaxation  Tests 

Robinson 

Stress  Drop  Tests 

Valanis 

Constant  Strain  Rate  Tensile  Test* 
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Represents  Simplest  Form  of  the  Model 


Fig.  1  Inconel  100  Specimen  Tested  at  1100*F  In  MTS-810  110  Kip  Load  Frame 

with  MTS  Quartz  Rod  Diametral  Extensometer  and  Lepel  Induction 
Heating  Furnace 
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Fig.  3  Stability  and  Accuracy  of  Euler  Integration 
for  Walker's  Model  Using  Various  Step  Sizes 
(Haste! loy-X  at  1800°F) 


Stress  (MPa) 


- TEST  1!  STRHN  *RT  £  *  1.3E3E-6/SEC 

. BOONE*  MODE*.  IWIThO'jT  fSOl  CORRECTION) 

----  BOONE*  nOOCU  (WITH  *-S0i.  CC**ECT(Oni 

- RR1EC  nOOE'.  ! WITHOUT  FtOl  CORRECT  ION  t 

- hr | EC  nDOEl  :nith  CORRECTION! 

- nlUE*  noDEL 

- wflUE*  noDEL 


Fig.  5  Model  Response  as  Compared  to  Test  71 

(Courtesy  American  Society  of  Mechanical  Engineers) 
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Fig.  7  Complex  History-Model  of  Krieg,  et  al. 

(Courtesy  American  Society  of  Mecnanical  Engineers) 
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Fig.  8  Complex  History-Schmidt  and  Miller's  and  Walker's  Model 
(Courtesy  American  Society  of  Mechanical  Engineers) 
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LASER/STRUCTURE  INTERACT  ION  -  A  COMPARISON 
Of  THEORY  TO  EXPERIMENT 


P.R.  Jabrte* 

O.H.  Allen** 

H.T.  Chang*’* 

Texas  UP  University 
College  Station,  Texas  77843 


ABSIract 

A  coaiprenensive  experimental  program  has 
been  developed  to  study  tne  transient  response  of 
a  vlscoplestlc  plate  subjected  to  rapid  heat 
Input.  The  experiments  consisted  of  Irradiating 
a  clamped  plate  of  Hastelloy  X  with  a  high  energy 
IS  Kw  c.w.  CO?  laser,  with  displacement  and 
temperature  serving  as  measured  data.  A 
theoretical  model  is  also  being  developed  for 
comparison  to  the  experimental  results.  The 
model  assumes  one-way  thermomechanical  coupling; 
that  Is,  it  is  assumed  that  the  temperature  field 
Is  Independent  of  deformation  but  not  vice 
versa.  Tne  thermal  analysis  is  nonlinear  vie 
radiation  boundary  conditions  and  temperature 
dependent  thermal  conductivities.  The  Structural 
analysis  Includes  geometric  nonlinearity  and 
material  viscoplasticity.  The  experimental 
procedure  and  an  abbreviated  development  of  the 
audel  are  described  in  this  paper. 


r  -  radial  coordinate  direction 

Rj  -  finite  element  external  force 

components 

t  •  time 

T  -  temperature 

Tr  -  reference  temperature  at  which 

radiation  is  yero 

u,v,w  -  components  of  plate  displacement 

U{  -  components  of  displacement  in 

Cartesian  coordinates 

y  -  axial  coordinate  direction 

a  -  thermal  absorptivity 
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Nomenclature 

-  area  of  two-dimensional  finite  element 

-  matrix  relating  linear  components  of 
strein  and  Deformation 

-  matrix  relating  nonlinear  components 
of  strain  and  deformation 

-  coefficient  of  specific  heat  at 
constant  pressure 

-  elastic  modulus  matrix 

-  components  of  body  force  per  unit  mass 

-  thermal  conductivity 

-  components  of  finite  element  mass 
matrix 

-  components  of  unit  outer  normal  vector 
In  cylindrical  coordinates 

-  components  of  plate  midsurf ace  forces 
and  moments  per  unit  length 

-  finite  element  shape  functions 

-  heat  flux  input 
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-  drag  stress 

-  back  stress  tensor 

-  components  of  plate  rotation 

-  boundary  of  a  domain 

-  boundary  of  e  finite  element 

-  thermal  emlssivity 

-  strain  tensor 

-  plate  mid-surface  rotations 

-  elastic  strain  tensor 

-  inelastic  strain  tensor 

-  thermal  strain  tensor 


-  nodal  components  of  plate  rotation 

s  -  normality  coefficient  for  inelastic 

strain  rate 

c  -  mass  density 

c  -  Boltyman's  constant 

j  -  stress  tensor 
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-  dev la tor 1c  stress  tensor 


B  -  Interior  of  t  domain 
Introduction 

The  trtnslent  response  of  en  eerotpece 
structure  exposed  to  rapid  heating  may  be  vastly 
different  from  that  produced  under  steady  state 
conditions,  for  applications  such  as  gas-turbine 
combustors,  rocket  nozzles,  space  structures,  and 
the  like,  large  temperature  gradients  are 
coanonly  induced  in  a  very  short  period  Of 
time.  However,  due  to  the  complex  and  severe 
environment,  little  experimental  data  are 
available  for  use  in  developing  new  methods  of 
analysis  where  material  inelasticity  occurs  In 
the  structure.  Therefore,  an  experimental 
program  was  established  to  investigate  the 
response  of  a  metallic  plate  undergoing  rapid 
heating  with  temperature  and  displacement  as  the 
primary  variables  of  Interest.  The  parameters 
varied  In  the  experiment  Included:  1)  plate 
thickness;  2)  heat  flux;  and  3)  duration  of  heat 
flux. 


An  axisyasaetric  finite  element  model, 
developed  to  include  nonlinear  radiation  boundary 
conditions,  Is  used  to  construct  the  temperature 
field  as  a  function  of  r  and  z  for  each  time 
step.  A  typical  two-dimensional  axisymmetric 
heat  transfer  mesh  Is  shown  in  fig.  2. 

The  governing  heat  transfer  eouatlons  are  as 
follows: 


’V  71  -  -  7z<"  77>  •  0  4n 


kr  nr-»  kr  n^  ■  q«r  ■»  cor(7j  -  T4)  on  t  (2) 

Equations  (1)  and  (2)  may  be  cast  Into  a 
fialerkin  finite  element  formulation*.  Since  this 
part  of  the  model  exists  in  the  open 
literature4,  it  is  not  covered  In  detail  here. 


The  resulting  element  equations  are  of  the 

form 


C1jTj  *  41jTj 


(3) 


A  solution  algorithm  has  been  developed  by 
the  authors  for  predicting  the  transient  response 
of  plates  when  subjected  to  rapid  heat  input. 
While  the  model  Itself  is  not  the  subject  of  this, 
paper.  It  is  presented  In  abbreviated  form  and  is 
used  to  compare  theory  to  experiment.  The 
solution  algorithm  makes  use  of  one-way 
thermomechanical  coupling  (it  is  assumed  that  the 
temperature  field  is  independent  of  deformation), 
thermoviscoplastic  response,  and  geometric 
nonlinearitles.  The  finite  element  method  Is 
used  in  a  two  step  process  to  compute  the  plate 
response.  The  thermal  analysis  Is  performed 
first,  taking  Into  account  such  things  as 
nonlinear  effects  due  radiation  heat  exchange  and 
temperature  dependent  material  properties.  The 
results  are  then  used  as  input  to  the  structural 
analysis  where  nonlinear  material  response,  using 
Bodner's*  and  Walker's’  constitutive  models  and 
large  rotational  plate  theory  are  used  to  compute 
plate  deformation  as  well  as  stress  and  strain. 
Both  the  experimental  and  modelling  programs  are 
described  In  the  following  sections. 


Model  Development 
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A  linear  triangular  axisyanetrie  element  is  used 
In  the  analysis.  Equation  (3)  for  each  element 
Is  asseaftled  to  give  the  following  global  system 
of  ordinary  differential  equations: 

Id  <T)  ♦  | A]  (T)  -  IQ)  (5) 

The  Crank-Nicholson  scheme  is  then  applied 
temporally  to  obtain  the  temperature  field  with 
time*. 


The  model  Is  presented  In  abbreviated  form 
In  this  section.  Further  details  can  be  found  in 
references  3  and  4.  As  shown  in  the  flowchart  in 
Fig.  1,  the  solution  algorithm  is  constructed  In 
two  stages:  the  thermal  analysis  and  the 
structural  analysis.  On  a  given  time  step,  the 
thermal  loads  are  evaluated.  Then  the 
temperature  field  is  solved  by  the  finite  element 
method.  Using  this  temperature  field,  along  with 
the  inelastic  strain  increment  evaluated  from  the 
previous  time  step,  yields  the  thermal  strain. 
The  thermal  strain  results  in  an  unbalanced  load 
from  which  the  deformation  field  Is 
approximated.  An  Iterative  procedure  Is  utilized 
to  bring  the  solution  to  convergence  for  a  given 
time  step.  The  solution  is  described  In  further 
detail  below. 


Structural  Analysis 


In  the  Structural  analysis.  Von  Kerman 
theory.  Is  assumed  for  the  thin  plate  bending 
motion7,  and  material  nonlinearity  and 
vlseoplestic  constitution  are  included  in  the 
model.  The  material  nonlinearity  is  Introduced 
via  the  inelastic  strain  tensor,  c(.,  which  is 
described  in  the  next  section. 

The  strain  components  are  defined  as 
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Utilizing  the  above  in  a  standard  laminate  scheme 
will  result  In 


It  -  ,T 


i  J 

^  1 J'^1  j^  *  ^  D^j(1,Z,7  )  dz 


Note  that  tne  coupling  matrix  |I|  goes  not 
disappear  due  to  tne  through  thickness  variation 
of  elastic  modulus,  Dj,,  which  is  temperature 
dependent.  J 

Tne  governing  eouations  for  the  plate  motion 
are  thus  derived  by  satisfying  tne  conservation 
Of  linear  and  angular  momentum  |B|: 

V*  4  *yx,y  -  0U,tt  *  0  (9) 
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Integrating  equations  (9)  through  (1])  against 
variations  in  the  components  of  the  displacement 
field  will  result  in  the  following  variational 
principle. 
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Also,  (A}  is  the  external  load  vector  and 
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Solving  eouation  (13)  by  the  hewmark 
integration  scheme  will  give  the  first 
approximation  of  tau)  at  time  Wt.  The  Newton 
kaphson  iteration  method  will  give  convergence  to 
the  nonlinear  solution*, *. 

Thermomechanical  Constitutive  Hodels 

In  order  to  prescribe  the  forcing  functions 
(Ft]  and  (f2)  defined  in  equations  (17)  and  (16) 
It  Is  necessary  to  determine  the  inelastic  strain 
increment,  Aii,.  This  is  accomplished  by 
integration  'if  the  selected  vlscoplastic 
constitutive  model.  The  authors  are  currently 
using  Ualker's  model’,  as  well  as  the 
anisotropic  hardening  form  of  Bodner's 
model1*.  These  models  are  compared  critically  in 
reference  11. 

Bodner's  model  assumes 

‘!j  '  Xoij  (19> 

whereas  Walker's  model  proposes 

‘ij  *  x(cij  *  °2ij>  (20> 


k  *  k  (o^,  oj,  »21^)  (31) 

and  the  above  is  supplemented  by  an  additional 
set  of  evolution  laws  of  the  form 

ifj  •  «1J  <«kf  \t>  <22> 


V.xx  *  2N,xy  *  V.yy  *  ’“.tt1  dxtly  *  0  <12> 

Incrementing  the  field  variables,  neglecting 
the  third  and  higher  order  terms  of  the 
displacement  Increment,  and  applying  finite 
element  discretization  results  in 

iHllu}1*41  ♦  |K)Uu)  •  (R)1*41-  (Fj)  -  (F?)  (13) 

where  [M|  is  the  mass  matrix  and 

1*1  ■  l*NLl  ♦  IKJ  (Id) 


l*Ll  -J  J  IBNL)TR!Dlt44t|BLJ  dVe 


Equations  (19)  and  (22)  are  typically 
numerically  .stiff ,  so  that  numerical  Integration 
to  obtain  c{,  is  not  straightforward'’.  Bodner's 
model  is  currently  being  Integrated  using  Euler's 
forward  method,  whereas  Walker's  model  is 
integrated  using  Euler’s  backward  method”.  Both 
models  ere  subincremented  on  each  time  step  in 
order  to  produce  accurate  values  for  acj,  on 
each  time  increment.  J 

Experimental  Proqram 

In  order  to  verify  analytical  models 
currently  being  constructed,  an  experimental 
program  has  been  developed  to  investigate  the 
transient  response  of  a  vlscoplastic  plate 
subjected  to  rapid  heat  input.  Of  particular 
Interest  is  the  measurement  of  displacement  and 
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temperature  fields  for  «  rectangular  plate 
specimen  undergoing  rapid  heating.  The 
experimental  program  Is  divided  Into  two  phases: 
1)  a  low  energ>  (<100U/in<f)  input  phase  being 
conducted  at  Texas  AIM  University;  and  3)  a  high 
energy  (>lxw/1r/)  input  phase  being  performed  at 
the  Air  Force  Wright  Aeronautics  Laboratories 
using  the  LHMEl  1  (Laser-Hardened  Materials 
Evaluation  Laboratory)  facility. 

Low  tnerov  Tettinc 

The  low  energy,  semi-rapid  heating 
experiments  make  use  of  a  bank  of  quart!  lamps, 
to  Irradiate  the  plate  specimens.  The  purpose  of 
these  experiments  is  twe  fold:  first,  they  serve 
as  a  simulation  of  the  high  energy  experiments: 
and  second,  they  produce  ‘emperature  and 
displacement  fields  which  change  at  a  much  slower 
rate.  Therefore,  valuable  Information  with 
regard  to  expected  experimental  results  can  be 
gained,  in  addition  to  verifying  model 
predictions  under  less  severe  conditions. 

The  heat  source  for  these  experiments  are 
tubular  quart;  lamps  with  tungsten  emitters.  A 
circular  heat  target  ;one  Is  obtained  by 
shielding  excess  energy  from  the  specimen  via  a 
water  cooled  orifice  plate,  which  Is  fitted  with 
a  variable  s1;e  aperture.  This  apparatus  Is 
attached  directly  to  the  specimen  support  fixture 
as  shown  In  Fig.  3.  The  support  fixture  imposes 
clamp-like  boundary  conditions  along  each  edge  of 
a  rectangular  specimen  (details  on  the  support 
fixture  are  discussed  later  in  me  paper). 
Insulation  shields  enclose  both  sides  of  the 
specimen.  In  order  to  reduce  the  amount  of  heat 
transfer  due  to  free  convection. 

Displacement  and  temperature  date  are 
obtained  using  a  PC  based  data  acquisition 
system,  which  also  serves  as  the  quart;  lamp 
controller.  A  single  DC-operated  LVDT,  which  can 
be  positioned  at  various  radial  locations,  is 
used  to  measure  displacements.  A  coupling  tang 
enables  dual  measurement  of  displacement  with  the 
LVDT  and  a  precision  dial  indicator.  Measurement 
of  the  In-plane  temperature  field  and  transverse 
temperature  gradients  are  made  using  X-type  30 
gage  thermocouples  Intrinsically  mounted  to  the 
plate  specimen.  The  specimens  for  this  phase  of 
testing  were  made  of  6061-T6  aluminum.  This 
material  was  selected  because  It  exhibits 
Inelastic  deformation  at  relatively  low 
temperatures  (<500‘F). 

Testing  to  date  has  not  yielded  a  high 
enough  input  energy  to  produce  a  significant 
specimen  temperature  rise.  In  addition,  the 
current  aperture  system  has  failed  to  generate  a 
well  defined  target  ;one.  Therefore,  the  orifice 
plate  Is  being  refitted  with  a  lens  system  that 
will  serve  to  both  condense  available  heat  energy 
and  focus  It  on  the  target  spot. 

Hioh  Energy  Testing 

The  high  energy,  rapid  heating  experiments 
made  use  of  an  electric  discharge  15  KW 
continuous-wave  carbon  dioxide  laser  operating  at 
a  wave  length  of  10.6  um  with  a  flat-top  beam 
profile,  to  Irradiate  the  plate  specimens.  The 
test  apparatus  was  placed  in  a  nitrogen  flood  box 
during  Irradiation  In  order  to  prevent  oxidation 


of  the  specimen  surface  while  It  was  being 
heated.  In  addition,  Instriawntation  for 
measuring  temperature  and  displacement  fields,  es 
well  as  high  speed  photographic  documentation 
were  used  and  will  be  discussed  In  detail  below. 

A  specimen  support  fixture  was  designed  to 
Impose  damp-like  boundary  conditions  along  each 
edge  of  a  rectangular  plate  specimen.  The 
superstructure  of  the  fixture  was  fabricated  from 
6061 -T 6  aluminum  to  support  the  specimen  In  the 
vertical  position,  as  Shown  In  Figs.  4e  and  4b. 
An  insert  mase  o>  304  stainless  steel  serves  both 
as  a  support  stiffener  and  water  jacket.  A  total 
waste  water  cooling  system  is  used  to  provide  a 
uniform  and  constant  plate  boundary 
temperature.  Thermocouples  were  attached  to  each 
half  of  the  Insert  at  the  mid-position, 
approximately  0.5  In  away  from  the  specimen,  to 
record  any  temperature  variations. 

The  two  piece  (with  the  Inserts  In  place) 
picture  frame  style  ftxture  securely  clamps  the 
specimen  In  position,  using  34  socket  head  cap 
screws  torqued  to  130  in-lbs.  An  off-set, 
staggered  screw  pattern  1$  used  to  ensure  a 
uniform  clamping  zone.  In  addition,  the  fixture 
Is  indexed  with  hardened  dowel  pins  so  that 
alignment  between  the  fixture  and  specimen 
remains  consistent  from  test  to  test. 

The  material  selected  for  this  research  Is 
Hastelloy  X.  Hastelloy  X  is  a  nlckel-chromlum- 
Iron -molybdenum  alloy  that  possesses  a 
combination  of  oxidation  resistance  and  high 
strength  at  temperatures  in  excess  of  3300'F.  It 
was  selected  for  this  test  program  primarily  for 
Its  high  temperature  characteristics,  but  also 
because  it  Is  widely  used  in  the  research 
COimiunlty  In  conjunction  with  high  temperature 
constitutive  modeling  and  testing. 

The  Hastelloy  X  material  was  obtained  in 
plate  form  in  nominal  thicknesses  of  1/16  in,  1/3 
in,  and  1/4  in,  and  was  used  to  fabricate  a  total 
of  18  Specimens  (6  of  each  thickness).  The 
material  was  received  in  an  annealed  condition 
specified  by  ASTM  5536  and  used  without  further 
heat  treatment.  Ho  encrogrephlc  studies  were 
performed  to  Investigate  the  variations  In  grain 
structure  or  size  that  existed  between  the 
different  plate  thicknesses. 

All  specimens  were  machined  to  finished 
dimensions  of  13  x  13  in,  corresponding  to  the 
outer  edge  of  support  fixture.  Therefore,  taking 
Into  account  the  support  fixture  clamping  zone, 
the  effective  plate  dimensions  were  reduced  to  10 
x  10  in.  Each  specimen  was  hand  sanded  with  #330 
grit  sano  paper  and  glass  bead  blasted  to  produce 
a  low  luster  finish.  No  other  special  surface 
treatment,  such  as  anodizing,  blueing,  or  the 
like,  was  performed  to  enhance  the  thermophysical 
properties  of  tne  material. 

An  Integrated  Instrumentation  package  was 
used  to  simultaneously  measure  the  displacement 
and  temperature  fields  of  a  plate  specimen 
undergoing  laser  Irradiation.  The  primary 
Instrumentation  Included:  1)  LVDT’s  (Linear 
Variable  Differential  Transformers)  for  measuring 
displacement;  3)  thermocouples  for  measuring 
temperature;  3)  a  radiant  pyrometer  for  measuring 
surface  brightness  temperature;  and  4)  strain 
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gages  for  measuring  the  plate  vibration 
frequency.  A  12  bit.  high  speed  data  systeo 
(celled  the  PCM)  was  used  to  convert  the  analog 
output  of  these  transducers  and  thenaocouples  to 
an  equivalent  binary  fore,  at  an  approximate  rate 
of  1.2  KH2.  Once  converted,  the  data  were  stored 
on  magnetic  tape  for  subsequent  conversion  to 
engineering  units  and  any  other  post¬ 
processing.  Described  below  is  a  eore  detailed 
discussion  on  the  Implementation  of  the  various 
pieces  of  Instrumentation. 

A  total  of  11  DC-operated  IVDT's  were  used 
to  sense  the  out-of -plane  displacements  resulting 
from  the  laser  deposition.  The  outputs  of  the 
IVDT's  were  scaled  vie  the  data  system,  to  detect 
displacements  as  small  as  0.0001  in,  at  a 
published  maximum  frequency  response  Of  15  H2. 
The  IVDT's  were  arranged  in  a  symmetric  pattern 
around  the  heat  20ne  and  were  rigidly  mounted  to 
a  support  system  which  was  positioned  directly 
behind  the  specimen,  as  shown  In  Fig.'s  5a  and 
5b.  In  addition,  2  LVOT's  were  used  to  monitor 
relative  movement  between  the  LVD7  support  system 
and  plate  fixture. 

Measurement  of  the  In-plane  temperature 
field,  through-thickness  temperature  gradients, 
and  non-contact  plate  surface  temperatures,  were 
made  using  21  K-type  30  gage  thermocouples.  The 
thermocouples  were  concentrated  In  a  1  In 
diameter  circle  around  the  heat  tone  end  were 
arranged  In  a  symmetric  pattern  for  measuring  the 
In-plane  temperature  field.  The  through¬ 
thickness  temperature  gradients  were  measured 
using  thermocouples  positioned  at  the  same 
coordinate  locations,  but  mounted  on  the  front 
and  back  of  the  specimen.  All  thermocouples  were 
Intrinsically  mounted  to  the  specimen  via  a 
welding  operation  with  the  exception  of  4 
thermocouples.  These  thermocouples  were  bead 
welded  junctions  which  were  mounted  approximately 
0.050  in  from  the  surface  of  the  plate.  All 
thermocouples  mounted  on  the  front  Surface  of  the 
plate  (the  heat  side)  were  Inconel  600  sheeted  to 
withstand  the  extreme  temperatures,  whereas  the 
thermocouples  mounted  on  the  back  side  of  the 
Specimen  were  Insulated  using  high  temperature 
glass  braid.  The  thermocouples  were  connected  to 
the  data  system  via  a  150*F  reference  oven,  which 
for  this  test  was  left  open  to  room 
temperature.  For  thermocouple  Input,  the  data 
system  was  scaled  to  record  voltage  Changes  on 
the  order  of  0.03  mV,  which  corresponds  to  a 
measured  temperature  resolution  of  approximately 
l.«*F.  Thus,  taking  Into  account  the  MBS  wire 
error  specification  and  the  above  resolution,  a 
maximum  temperature  uncertainty  between  5.36*F 
and  18.5*F  can  be  expected. 

A  germanium  radiation  pyrometer  was  used  to 
obtain  relative  measurements  of  the  plate  surface 
brlgntness  temperature.  The  pyrometer  is  a  high 
speed  transducer,  having  a  peak  spectral  response 
at  a  wavelength  of  1.5um  and  an  effective 
temperature  range  between  900'F  and  5400*F  within 
a  target  area  of  approximately  0.0491  1nz.  The 
pyrometer  was  aligned  to  record  temperatures 
within  the  laser  Irradiated  spot  diameter  In 
conjunction  with  a  thermocouple.  The  output  of 
the  pyrometer  was  fed  Into  the  data  system  for 
use  later  In  developing  an  appropriate  transfer 
function  for  the  slower  responding  thermocouples. 


A  350  e  strain  gage  was  used  to  measure  the 
dynamic  response  of  the  specimen  resulting  from 
the  rapid  heating.  The  strain  gage  was  mounted 
parallel  with  the  edge  of  the  plate  specimen 
approximately  2.5  In  off  center.  Since  vibration 
frequencies  and  not  strain  magnitudes  were  of 
Interest,  the  output  of  the  strain  gage  was 
displayed  on  a  vlslcorder  strip  chart  recorder. 

A  total  of  4  laser/structure  interaction 
experiments  have  been  conducted  thus  far, 
representing  approximately  one  third  of  those 
planned  under  this  phase  of  testing.  All  4  tests 
utlllyed  the  same  1/16  In  thick  plate  specimen 
with  heat  flux  and  exposure  time  serving  as  input 
test  variables  (as  shown  in  Table  1)  and 
displacement  and  temperature  fields  serving  as 
measured  or  output  quantities.  Before  testing, 
the  laser  beam  was  characterl2ed  In  terms  of  the 
amount  of  energy  being  delivered  on  target.  In 
addition  to  the  beam  width  and  density.  Target 
energy  was  measured  by  reflecting  approximately 
7t  of  the  total  available  energy  into  a  torpedo 
calorimeter.  The  beam  profile  was  determined  by 
ablation  of  plexiglass  samples  as  shown  In  Fig. 
6.  By  measuring  the  plexiglass  burn  patterns, 
both  the  laser  target  area  and  beam  uniformity  In 
the  radial  direction  can  be  found.  For  this 
experiment,  the  laser  contact  spot  was  found  to 
be  ellipsoidal,  having  major  and  minor  axis 
length  equal  to  0.5235  In  and  0.5276  In, 
respectively  (this  Is  a  result  of  the  beam 
striking  the  specimen  at  a  10'  incidence  angle  In 
order  to  prevent  energy  feedback  through  the 
laser  pattern). 

Figures  7  through  10  show  typical  output  of 
the  thermocouples  and  LVDT's  at  discrete 
locations  during  laser  irradiation  (with  and 
without  time  averaging).  In  particular.  Figs,  7 
and  9  show  raw  data  (in  engineering  units)  where 
there  Is  an  apparent  electrical  noise  problem.  A 
power  spectrum  density  analysis  Indicates  that  60 
H2  and  Its  harmonics,  were  present  in  the  data. 
This  resulted  In  peai-to-peak  variations  of 
approximately  44'F  and  0.0074  In  for  temperature 
and  displacement,  respectively.  Future  tests 
will  Incorporate  real  time  analog  filtering 
and/or  post  test  digital  filtering.  In  order  to 
resolve  this  problem.  Figures  8  and  10  present 
the  same  data  as  discussed  above,  except  that 
time  averaging  has  been  used. 

ho  cotiment  Is  made  about  the  validity  of  the 
data,  except  to  note  the  following.  First,  the 
typical  temperature  profile  shown  in  Figs.  7  and 
8,  Indicates  the  thermocouple  did  not  respond 
during  the  laser  shot.  This  should  not  be 
Interpreted  as  thermocouple  lag.  For 
Intrinsically  mounted  thermocouples,  one  would 
expect  a  response  time  in  the  msec  time  frame. 
It  Is  presumed  that  the  laser  firing  sequence 
caused  a  voltge  shift  and  saturated  the  A  to  D 
system  low.  Second,  a  target  2one  temperature  of 
800-1000’f  was  generally  encountered,  which  was 
far  below  the  1500-2000'F  temperature  expected. 
Lastly,  Figs.  9  and  10  show  a  typical  LVDT  data 
that  Indicates  a  drastic  displacement  reversal 
during  Irradiation.  That  Is,  the  specimen 
Initially  deforms  In  the  positive  direction 
(towards  the  heat  source)  and  then  reverse 
Itself,  going  through  a  neutral  point  to  assume  a 
negative  displacement.  The  authors  are  awaiting 
photographic  confirmation,  via  high  speed 
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catrts,  to  tee  If  this  phenomena  actually 
•lists. 

The  primary  objective  of  this  first  phese  of 
testify  was  to  establish  a  baseline  experimental 
procedure  which  would  verify  analytical  aodels 
currently  under  construction.  To  this  end,  that 
objective  has  been  met,  with  the  exception  of  the 
following  problem  areas  (which  are  currently 
being  corrected):  1)  energiting  and/or  firing  the 
laser  adversely  affected  the  Matured  data,  both 
with  noise  and  voltage  shifts;  2)  there  was  no 
explicit  indication  of  when  the  laser  power  was 
on  and  off  the  target  area;  3)  the  nitrogen  flood 
box  did  not  provide  an  inert  environment  and  Mde 
pnogographic  documentation  difficult;  4)  the 
thermocouple  reference  junction  needed  to  be 
below  room  temperature;  5)  a  constant  aperture 
setting  on  the  video  and  high  speed  cameras  made 
photograhic  interpretation  difficult  as  the 
specimen  heated  up;  6)  the  pyrometer  data  was 
Inappropriately  scaled;  and  7)  there  was  apparent 
movement  of  the  LVDT  support  stand  during  laser 
deposition. 

Comparison  of  Model  to  experiment 

limited  results  have  been  obtained  with  the 
model  for  comparison  to  the  experimental  results 
given  in  the  previous  section.  experimental 
constants  for  Sooner' s  model  have  been  obtained 
for  Hastelloy  X'“,as  shown  in  Table  2.  The  model 
has  been  used  to  predict  the  response  of  the 
squa  plate  of  1/16  in  thickness  with  spatially 
and  temporally  constant  heat  input  of  12.2 
Btu/1n‘  sec  over  a  0.25  in  radius  spot  at  the 
center  of  the  plate.  Predicted  temperature  at 
the  front  center  of  the  plate  versus  time  is 
shown  for  the  first  0.08  sec  in  fig.  11,  where  it 
can  be  seen  that  the  plate  is  heated  rapidly  to  a 
temperature  of  about  1300‘f.  This  heating  is 
sufficient  to  cause  a  center  displacement  of 
approximately  0.02  in  (about  33*  of  tne  plate 
thickness),  as  shown  in  fig.  12.  The 
displacement  field  in  turn  produces  radial  and 
hoop  stresses  near  the  plate  center  which  rapidly 
exceed  the  material  yield  point  on  the  front 
surface,  as  shown  in  Figs.  13  and  14.  These 
stresses  are  Induced.  In  large  measure,  by  the 
plate  bending  which  occurs  near  the  center  of  the 
plete,  as  shown  in  Fig.  15. 

A  comparison  between  Figs.  6  and  11  shows 
that  the  predicted  and  experimentally  Observed 
temperatures  are  not  in  agreement.  Furthermore, 
Figs.  10  and  12  demonstrate  that  the  displacement 
predictions  art  also  not  In  accord  with 
experimental  observations.  The  authors  hasten  to 
point  out  that  both  the  experimental  end 
theoretical  results  are  first  passes,  and,  as 
such,  no  attempt  has  been  made  to  “massage" 
either  result  to  match  the  other.  Given  the 
complex  nature  of  both  the  model  and  experiment, 
the  discordant  results  are  to  be  expected.  Since 
there  are  numerous  sources  for  the  disagreement, 
our  current  emphasis  Is  on  uncovering  the  most 
Important  sources  in  such  a  way  as  to  enhance  the 
0f  the  model. 

briefly,  we  suspect  the  following  sources  of 
disagreement  between  the  model  and  experiment: 


1)  We  have  reason  to  suspect  that  both  the 
LVDT' t  and  thermocouples  are  giving  spurious 
results  for  short  time  spans.  We  are  Currently 

'  Studying  this  problem. 

2)  The  model  asstaaes  that  the  input  source 
comences  Instantaneously,  whereas  the  laser 
output  Indicates  an  approximately  linear  rise 
time  of  .003  sec.  We  are  modifying  the  model  to 
account  for  this. 

3)  Initial  indications  are  that  the  input  heat 
source  is  not  spatially  homogeneous,  thus 
producing  a  temperature  field  which  is  not  axi- 
lyimetrlc. 

4)  Currently,  we  can  measure  only  the  amount 
of  heat  energy  being  delivered  on  target,  future 
tests  will  try  to  measure  the  amount  of  energy 
being  reflected  by  the  specimen. 

5)  The  very  rapid  heat  input  may  cause  thermal 
waves  which  are  not  predicted  by  our  parabolic 
heat  equation.  We  art  thus  considering  various 
hyperbolic  forms  of  the  heat  equation. 

6)  The  computer  code  currently  requires  one 
CPU  day  on  a  VAX  8880  (3  real  time  days)  to 
produce  the  first  0.08  sec  of  predicted 
response.  We  are  attempting  to  Improve  the 
computational  efficiency  of  the  model  so  that 
longer  term  predictions  can  be  obtained. 


Conclusion 

It  Is  obvious  that  the  experimental  results 
are  not  in  agreement  with  the  model  at  this  point 
in  time.  While  the  authors  cannot  say  with 
certainty  whet  the  causes  for  discrepancy  are,  it 
is  the  general  feeling  here  that  the  experimental 
program  needs  to  be  refined  considerably  before  a 
critical  comparison  of  the  model  and  experiments 
will  yield  fruitful  results.  We  are  currently 
making  progress  in  both  directions. 
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Table  1.  Laser  Parameters  for  the  Specified  Tests 


Test 

Shot 

Incident 

Beam 

Heat  , 

Mumper 

Energy  ( KH) 

Area  (car) 

Flux  (XW/ciir) 

Duration  (sec) 

1 

49540 

1.4 

1.4 

1 

5.0 

2 

49541 

2.8 

1.4 

2 

3.0 

3 

49546 

4.2 

1.4 

3 

1.0 

4 

49550 

7.0 

1.4 

5 

1.2- 1.6 

Table  2. 

Bodner-Partom  Model  Material  Constants  for  Hastelloy  X 

Constant  Temperature 


n  1.0 

Room  Temp 

1200*F 

1600-f 

1.0 

1.0 

0.75 

00  10E4 

"j  -  MPa'1 
-  MPa'1 
m3  -  MPa'1 

(wr1) 

(ksi*1) 

(xsr1) 

10E4 

10E4 

10E4 

0.02 

(1.38E-4) 

0.1 

(6.89E-4) 

0.1 

(6.B9E-4) 

1.8 

(1.24E-2) 

2.4 

(1.65E-2) 

2.4 

(1.65E-2) 

0.001 

(6.E9E-6) 

0.01 

(6.B9E-5) 

0.01 

(6.B9E-5) 

i0  -  MPa 

(«i) 

1200 

(1.74E5) 

1550 

(2.248E5) 

600 

(8.7E4) 

Jj  -  MPa 

(WI) 

2000 

(2.9E5) 

2000 

(2.9E5) 

2000 

(2.9E5) 

i2  -  MPa 

(MSI) 

1200 

(1.74E5) 

1550 

(2.248E5) 

600 

(8.7E4) 

*3  -  MPa 

Aj  -  sec'1 
Aj  -  sec'1 

(«i) 

1200 

(1.74E5) 

800 

(1.16E5) 

500 

(7.25E4) 

0 

6.5E-7 

6.5E-7 

0 

6.5E-7 

6.5E-7 

rj  0.98 

0.98 

0.98 

0.96 

r2  0.98 

0.98 

0.98 

0.98 

E  -  MPa 

(WI) 

2.07E6  (3.002E7) 

1.61E6  (2.335E7) 

1.37E6  (1.987E7) 
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a)  Support  Structure  -  Side  Vie* 


b)  Support  Structure  -  Front  View 


Fig.  4  Plate  Specimen  Support  Fixture 


«) 


LVDT  Support  Stand  -  Top  View 

Fig.  5  LVDT  Support  Stand 


b)  LVDT  Support  Stand  -  Side  View 
Positioned  Behind  the  Specimen 


a)  Before  Ablation  b)  After  Ablation 

Fig.  6  Plexiglass  Samples  Used  to  Measure  the  Laser  Beam 
h'idth  and  Density 


fig.  7  Typical  Thermocouple  Output 
for  a  2  KW/cnr  3  Second 
Duration  Test 


TIME  (sec) 

fig.  8  Time  Averaged  Thermocouple 
Output  for  a  2  KK/cnr  3 
Second  Duration  Test 


fig.  9  Typical-lVDT  Output  for  a 
2  KW/cnr  3  Second  Duration 
Test 


TIME  (xlO‘Z  set) 


fig.  11  Predicted  Temperature  at  the 
front  Surface  and  Center  of 
the  Plate 


fig.  10  Time  Averaged-LVDT  Output 
for  a  2  KW/cm  3  Second 
Duration  Test 


TIME  (xl0'z  sec) 


Fig.  12  Predicted  Displacement  at  the 
Center  of  the  Plate 
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TRANSVERSE  DEFORMATION  (In)  H00P  StRESS 


Fig.  13  Radial  Stress  At  Various 
Locations 


Fig.  IS  Transverse  Deformation 
at  Various  Times 
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